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Various thermodynamic equilibrium properties of naturally abundant, hexagonal ice
(ice Ih) of water (H,O) have been used to develop a Gibbs energy fungidnp) of
temperature and pressure, covering the ranges 0-273.16 K and 0 Pa—210 MPa, expressed
in the temperature scale 1TS-90. It serves as a fundamental equation from which addi-
tional properties are obtained as partial derivatives by thermodynamic rules. Extending
previously developed Gibbs functions, it covers the entire existence region of ice lh in the
T-p diagram. Close to zero temperature, it obeys the theoretical cubic limiting law of
Debye for heat capacity and Pauling’s residual entropy. It is based on a significantly
enlarged experimental data set compared to its predecessors. Due to the inherent thermo-
dynamic cross relations, the formulas for particular quantities like density, thermal ex-
pansion, or compressibility are thus fully consistent with each other, are more reliable
now, and extended in their ranges of validity. In conjunction with the IAPWS-95 formu-
lation for the fluid phases of water, the new chemical potential of ice allows an alternative
computation of the melting and sublimation curves, being improved especially near the
triple point, and valid down to 130 K sublimation temperature. It provides an absolute
entropy reference value for liquid water at the triple point. 2606 American Institute of
Physics. [DOI: 10.1063/1.2183324
Key words: compressibility; density; entropy; enthalpy; Gibbs energy; heat capacity; ice; melting point;
sublimation pressure; thermal expansion; thermodynamic properties; water.
Contents Pressure. ........ .. 1037
5. Conclusion. .......... . i 1038
) 6. Acknowledgments ........................ 1038
1. Introduction............... .. ... .. ... ..., 1024 7. Appendix: Tables and Diagrams of
2. The New Equation of Stat&ibbs Potential Thermodynamic Properties of Ice.lh .. ....... 1039
Function.............. ..o 1026 8. References............c.cevuiiiiiiiii, 1046
3. Comparison with Experiments................ 1027
3.1.Density. ... 1027 )
3.2. Cubic Expansion Coefficient. . .......... 1028 _ List of Tables ,
3.3. Isothermal and Isentropic Compressibility.... 1029 SPecial constants and values used in the paper... 1026
3.4. Specific Isobaric Heat Capacity......... 1030 Coefficients of the Gibbs function as given in
3.5. Specific Entropy. . .. ... o 1031 Ea. (1.) """"""""""" S e 1026
- 3. Relations of the thermodynamic properties to the
3.6. Sublimation Curve .................... 1032 . . .
3.7.Melting Curve..............coviiiin... 1033 equation fqr th_e Gibbs energy for ice, Ha),
I and its derivatives .. ....... ... . L 1027
Uncertainties. . . . ......... . i 1034 4. Equations for the Gibbs energy for ice, ),
4.1 Summary......... R 1034 and its derivatives . .. ........ooeiiiii 1028
4.2. Uncerta!nty of Spec!f!c Eptropy ---------- 1034 g Summary of data used for the determination of
4.3. Uncertainty of Specific Gibbs Energy . ... 1036 the Gibbs function coefficients.............. 1029
4.4. Uncertainty of Specific Enthalpy. ........ 1036 g selected values reported for the isothermal
4.5. Uncertainty of Sublimation Enthalp.y ..... 1036 Compressibi“tyKT at the normal pressure
4.6. Uncertainty of Sublimation Pressure. . ... 1037 melting point.. . ...t 1030
4.7. Uncertainties of Melting Temperature and 7. Summary of estimated combined standard
uncertainties of selected quantities in certain
¥Electronic mail: rainer.feistel@io-warnemuende.de regions of theT-p space, derived from
© 2006 American Institute of Physics. corresponding experiments.... .. ............. 1035

[http://jpcrd.aip.org/resource/1/jpcrbu/v35/i2/p1021 s1
0047-2689/2006/35(2)/1021/27/$40.00 1021

J. Phys. Chem. Ref. Data, Vol. 35, No. 2, 2006


mcd165
Typewritten Text
This article appears on the www.TEOS-10.org web site with permission from the American Institute of Physics.  


mcd165
Typewritten Text
http://jpcrd.aip.org/resource/1/jpcrbu/v35/i2/p1021_s1

http://jpcrd.aip.org/resource/1/jpcrbu/v35/i2/p1021_s1

1022

10.
11.
12.
13.

14.
15.

16.

17.

18.

19.

20.

Uncertaintiess; of absolute specific entropies

and of their differenceds. .................. 1035
Uncertaintiesl. of IAPWS-95 specific entropies

s and of their differenceds. ................. 1036
Specific Gibbs energg(T,p), Eqg. (1), in

KIKG L 1039
Density,p(T,p), Eq.(4), inkgm™3............ 1040
Specific entropys(T,p), Eq.(5), in Jkg 1K ~1. 1041
Specific isobaric heat capacity(T,p), Eq. (6),
INJKkg *K L 1042
Specific enthalpyn(T,p), Eq.(7), in kJkg t.... 1043
Cubic expansion coefficien(T,p), Eq. (10),

iN10° 8K .. 1043
Pressure coefficien8(T,p), Eq. (11), in

KPaK L 1044
Isothermal compressibilitx(T,p), Eq.(12), in
TPa . 1044
Properties at the triple point and the normal
pressure melting point, usable as numerical

check values. The numerical functions evaluated
here at given pointsT,p) are defined in Eq.

() and Tables3and.4..................... 1045
Properties on the melting curve. Differences of
specific volumes and enthalpies between liquid
water and ice are defined as/ = v-— v

and Ahpe=ht—h. The corresponding

differences are\g=g-—g=0 in specific Gibbs
energy and thereforés.=s-—s

=Ahpei/ T in specific entropy. .............. 1045
Properties on the sublimation curve. Differences

of specific volumes and enthalpies between

water vapor and ice are defined Agg = v

— v andAhg,=h"V—h. The corresponding
differences areA\g=g"Y—g=0 in specific Gibbs
energy and thereforésg,=s'—s

=Ahg,,/T in specific entropy. . .............. 1046

List of Figures
Phase diagram of liquid water, water vapor, and
ice Ih. Adjacent ices I, Ill, IX, or XI are not
considered. Symbols show experimental
data pointsC: specific isobaric heat capacity,
E: cubic expansion coefficienG: chemical
potential,K: isentropic compressibility,
Vidensity .. ... 1025
Specific volumer from Eq. (4) at normal
pressurepy, panel(a), and deviations
Avlv=(vyas Vcad! Vcarc at high temperatures
magnified in panelb). Data points are B: Brill
and Tippe(1967), D: Dantl and Gregora
(1968, G: Ginnings and Corruccinil947, J:
Jakob and Erk(1929, L: Lonsdale(1958, M:
Megaw (1934, P: LaPlaca and Po$1960,
R: Ratgeret al. (1994, T: Truby (1955, and U:
Butkovich (1955. Most accurate data are U
(estimated uncertainty 0.0)%G (0.005%), and
D(0.004%. .......cvvriiiiiii i 1030

J. Phys. Chem. Ref. Data, Vol. 35, No. 2, 2006

R. FEISTEL AND W. WAGNER

3. Cubic expansion coefficient from Eq. (10) at

normal pressur@,, shown as a curve. Data

points are B: Brill and Tipp&1967, D: Dantl

(1962, J: Jakob and Erk1929, P: LaPlaca and
Post(1960, L: Lonsdale(1958, and R:

Rattger et al. (1994. Error bars aff>243 K are
data with uncertainties reported by Butkovitch
(1957, which were used for the regression. The
high-temperature part of pangl) is magnified
inpanel(b). ......... ... .. .. . 1030
Isentropic compressibilitiess from Eq. (13) at
normal pressur@,, panel(a), and at—35.5°C,
panel(b), shown as curves. D: data computed
from the correlation functions for elastic moduli

of Dantl (1967, 1968, 196Pwith about 3%
uncertainty shown as lines above and below, P:
correspondingly computed data of Proctor

(1966 with about 1% uncertainty, L: data of
Leadbetter(1965, not used for regression, B:
Brockamp and Rier (1969, M: Gammon

et al. (1980, 1983 and G: Gagnoret al. (1988. 1031
Specific isobaric heat capacity from Eq. (6) at
normal pressur@,, panel(a), shown as a curve,
and relative deviation of measurements from

Eq. (6), Acp/Cp:(Cp,data_ Cp,calc)/cp,calm panel

(b). Data points are: G: Giauque and Stout

(1936, F: Flubacheet al. (1960, S: Sugisaki

et al. (1968, and H: Haidaet al. (1974.

The estimated experimental uncertainty of 2% is
marked by solid lines....................... 1031
Sublimation curve from the solution of E(L6),
panel(a), and relative sublimation pressure
deviationsAp/p= (Pgata~ Pcaid/ Pcalc, Panel(b),
magnified in the high-temperature range in
panel(c). Data points are B: Brysoet al. (1974,

D: Douslin and Osborii1965, J: Jancst al.

(1970, K: Mauersberger and Krankowsk2003,

and M: Marti and Mauersbergét993. For

the fit only data with uncertainties of about 0.1%—
0.2% were used fof >253 K (p>100 Pa),

as shown in pane{c). Curve CC: Clausius—
Clapeyron simplified sublimation law, E¢L8)...
Melting temperature as a function of pressure,
computed from Eq(19), shown as a curve in
panel(a), and deviationAT=T g5~ Tcarc

in comparison to Eq(19) of this paper, panel
(b). The low-pressure range is magnified in panel
(c). Data points are: B: Bridgmaf19123,

and H: Henderson and Speed©87. Melting
curves are labeled by M78: Miller(1978,

FH95: Feistel and Hage(1995, WSP94: Wagner
et al. (1994, TR98: Tillner-Roth(1998),

HS87: Henderson and Spee987, and F03:

1032



EQUATION OF STATE FOR H,O ICE IH

Feistel(2003. The cone labeled GC47 indicates

the 0.02% uncertainty of the Clausius—

Clapeyron slope at normal pressure after Ginnings
and Corruccini(1947. The intercept of M78

and FH95 at normal pressure is due to the freezing
temperature of air-saturated water........... 1033

11.

12.

1023

Specific entropy(T,po) in Jkg 1K1 at

normal pressure, pané), and relative to normal
pressureAs=s(T,p)—s(T,py), panel(b), for

several pressurgsas indicated at the curves.

Values were computed from E¢p)............ 1041
Specific isobaric heat capacity(T,p) in

8. Relative combined standard uncertainty of ice Jkg 1K~ at normal pressure, pan@),
density,u.(p)/p, Table 7, estimated for and relative to normal pressur&c,=c,(T,p)
different regions of theT-p space. No —Cp(T,po), panel(b), for several pressures
experimental high-pressure data are available at p as indicated at the curves. Values were
low temperatures . ........ ... ., 1035 computed from EQ(6). . ......... ..ot 1042

9. Specific Gibbs energg(T,p) of ice, i.e., its 13. Specific enthalpy(T,p) in kJkg ! as a
chemical potential, in kJkg' as a function function of temperature for several pressures as
of temperature for several pressures as indicated indicated at the curves. Values were computed
at the curves. Values were computed from fromEQ.(7). ... 1043
0o R ) T 1039  14. Cubic expansion coefficient(T,p) in 1076 K1

10. Densityp(T,p) in kgm 2 as a function of for several pressures as indicated at the curves.
temperature for several pressures as indicated Values were computed from EQLO). .......... 1043
at the isobars in panéd), as a function of pressure 15. Pressure coefficierg(T,p) in kPaK ! for
for several temperatures as indicated at the several pressures as indicated at the curves.
isotherms, panelb), and isochors as functions Values were computed from E(LD). .......... 1044
of pressure and temperature, belonging to 16. Isothermal compressibility+(T,p) in
densities as indicated at the curves, pdogl 10° MPa ! for several pressures as indicated at
Values were computed from EGA). . .......... 1040 the curves. Values were computed from EtR). 1044

List of Symbols

Symbol Physical Quantity Unit

Cp Specific isobaric heat capacity of ice JKK !

dpmer/dT Clausius—Clapeyron slope of the melting curve PaK

f Specific Helmholtz energy of ice JKkg

g, g" Specific Gibbs energy of ice JKg

g Specific Gibbs energy of liquid water JkY

gV Specific Gibbs energy of water vapor J¥g

Jdo Residual Gibbs energy, Table 4 JKg

O0o---Joa Real constants, Table 2 JkY

h Specific enthalpy of ice Jkd

ht Specific enthalpy of liquid water JKkd

hY Specific enthalpy of water vapor Jky

k Uncertainty coverage factor

Kacaz Bunsen calorimeter calibration factor of Ginnings and Corruc@fi?) Jkg?

M Molar mass of waterM =18.015 268 g mol*[IAPWS (2005] gmol !

p Pressure Pa

Po Normal pressurep,=101 325 Pa Pa

Psubl Sublimation pressure Pa

pgff)I Clausius—Clapeyron sublimation pressure Pa

[oR Triple point pressurep,=611.657 Pa Pa

R Specific gas constanR=R,,/M =461.52364 Jkg' K ! Jkg 1K1

Rm Molar gas constanR,,=8.314 472 Jmol* K~ [Mohr and Taylor(2005] JmoltK™?

r Complex constant, Table 2 JkgK 1

ro Complex function, Table 4 Jkg K1t

Fo0---T 20 Complex constants, Table 2 JkhK 2

s Specific entropy of ice Jkg K™t

st Specific entropy of liquid water Jkg K™t

sV Specific entropy of water vapor JkgK 1t

So Residual entropy, Table 2 JkgK 1

T Absolute temperaturé TS-90 K

To Celsius zero pointT(=273.15 K K

J. Phys. Chem. Ref. Data, Vol. 35, No. 2, 2006



1024 R. FEISTEL AND W. WAGNER
Timelt Melting temperature of ice K
Tmeltp, Normal pressure melting pointme|t,p0:273.l52 519K K

¢ Triple point temperaturel=273.16 K K
ty, t Complex constants, Table 2
u Specific internal energy of ice Jkg
U Expanded uncertainty
Ue Combined standard uncertainty
ut Specific internal energy of liquid water Jky
v Specific volume of ice kgt
vt Specific volume of liquid water frkg~?
vV Specific volume of water vapor $hg !
z Any complex number
@ Cubic expansion coefficient of ice ®
B Pressure coefficient of ice PaKk
Ac, Specific isobaric heat capacity difference Jhke?
Ag Specific Gibbs energy difference JKg
Ah Specific enthalpy difference JKkd
Ahpert Specific melting enthalpy Jkd
Ahgp Specific sublimation enthalpy JKk¢
Ah, Triple point specific sublimation enthalpy Jkb
Ap Pressure difference Pa
As Specific entropy difference JkgK™?
ASmeit Specific melting entropy Jkg K1
ASqyp) Specific sublimation entropy JkgK™?!
AT Temperature difference K
Av Specific volume difference fkg?
AVmert Specific melting volume kgt
Avgp Specific sublimation volume fkg?
Ks Isentropic compressibility of ice Pa
KT Isothermal compressibility of ice P&
wh Chemical potential of ice Jkd
T Pi, m=3.14159265...
T Reduced pressurer= p/p;
0 Reduced normal pressureg=pqy/p;
p Density of ice kgm?3
PHg Density of mercury kg m®
pt Density of liquid water kgm?
pV Density of water vapor kg e
T Reduced temperature="T/T,
X Clausius—Clapeyron coefficient mK MPh

of seawater in the form of a Gibbs potential funct|éeistel

1. Introduction

for that purpose is described in this paper. Presented here is

its second, corrected version with an extended data base and

. a modified set of coefficients, but with identical mathemati-
The latest development of more comprehensive and morgy) strycture as its predecessor. The detailed derivation of the

accurate formula for thermodynamic equilibrium propertiesgirst version, its mathematical form, and many details of the

fitting procedures employed were reported by Feistel and

(2003] was based on the current scientific pure-water stanywagner(2005 in an earlier paper. Both versions differ only

dard IAPWS-95[Wagner and Pruf2002]. For an ad-

within their ranges of uncertainties except for one quantity,

equately advanced description of freezing points of seawatghe absolute entropy of liquid water, which is only now re-
over the natural, “Neptunian” ranges of salinity and pres-produced within its uncertainty as reported by Ceixal.

sure, for the consistent description of sublimation pressuregl989.

over ice and sea ice, as well as for an improved Gibbs po- After the extensive and systematic laboratory measure-

tential formulation of sea ice thermodynamics, the developments of ice Ih and other solid water phases by Bridgman

ment of a reliable Gibbs function of naturally abundant hex-(1912a, b, 1935, 1937various reviews on ice properties and

agonal ice Ih was desired, valid over a wide range ofcomprehensive presentations thereof were published, as e.g.,

pressures and temperatures. The new function constructéyy Pounder(1969, Dorsey (1968, Fletcher(1970, Franks
(1972, Hobbs (1974, Wexler (1977, Yen (1981, Hyland

J. Phys. Chem. Ref. Data, Vol. 35, No. 2, 2006 and Wexler(1983, Nagornov and Chizho{1990, Fukusako



EQUATION OF STATE FOR H,O ICE IH 1025

(1990, Yen et al. (1991, Petrenko(1993, or Petrenko and Phase Diagram

Whitworth (1999. EKﬁ';m’ 100 MPa
The theoretical formalism of classical thermodynamics is, ICETh LIQUID

in the strict sense, only valid for equilibrium states. For the 1 MPa

. . . . . FPo

case of ice, this means that the thermodynamic potential is 10 kPa

designed to describe the ideal structure of a single, undis /ﬁepoim

torted crystal at a state where all possible spontaneous agini' 100

processes have passed. These conditions may not always eé I g 1Pa

actly be fulfilled for the experimental data we used. Particu- & / 10 mPa

larly in the temperature range below 100 K the related theo- / VAPOR

retical and experimental problems are complicated and still 100 pPa

subject to ongoing research. Excessive scatter is observed i / 1 uPa

measurements of heat capacity and density in the range be 7?’

tween 60 and 100 Ksee Secs. 3.1. and 3.4Results of 0 s o o 20 20 30 10 nPa

different works deviate from each other mdrg to 0.3% in Temperature T /K

density than their particular precisions suggest, so that sys-
Y P P 99 y Fic. 1. Phase diagram of liquid water, water vapor, and ice Ih. Adjacent ices

tematic problems in sample preparations or experimenth 11, IX, or XI are not considered. Symbols show experimental data points,
procedures must be inferrefantl and Gregora(1968, C: specific isobaric heat capaciy; cubic expansion coefficien®: chemi-
Dantl (1967, Dantl (1969, Ratgeret al. (1994 ]. The relax-  cal potentialK: isentropic compressibility/: density.

ation to equilibrium is extremely slow between 85 and 100 K
[Giauque and Stouf1936]. A weak density maximum
(about 0.1% was found at 60—70 K by several authdda-
kob and Erk(1929, Dantl (1962, Ratger et al. (1994,
Tanaka(1999]. A ferroelectric transition at 100 K was pro-
posed firsfDengelet al. (1964, van den Beuke(1968] but

Id not b firmed lat¢dohari and Joned 975, Bram- . . : .
could not be confirmed lat¢dohari and Joned979, Bram the melting point equation of Wagnet al. (1994. Tillner-

well (1999]. A phase transition from ice Ih to a perfectly : )
ordered, cubical, denser, and ferroelectric phase X is sugRPth (1998 used the latter equation together with selected

posed to occur between 60 and 100[Ritzer and Polissar icg prqperties alqng the er_ltire_melting curve up to the triple
(1956, Howe and Whitworth(1989, ledemaet al. (1998,  Point ice I-lli-liquid, which is at about 210 MPa and
Petrenko and Whitworth(1999, Kuo et al. (2002, Kuo ~ —22°C(Fig. 1).
et al. (2004, Singeret al. (2005], thus turning ice Ihintoa  The new formulation presented in this paper improves the
thermodynamically metastable structure below the threshol@reviously existing Gibbs functions of ice by additionally
temperature. Even though a spontaneous transition Ih-XI ahcluding more suitable, theoretical, as well as measured,
pure ice has not yet been observed experimentally and igvailable ice properties, covering its entire existence region
unlikely to occur without catalytic acceleratidiitzer and in the temperature-pressure diagram. With very few excep-
Polissar(1956, ledemaet al. (1998], partial reconfigura- tions, these data are restricted to only three curves iff tpe
tions, proton ordering processes, or frozen-in transient strugiagram, the sublimation and melting curves, and the normal
tures may have influenced the results of experimgiiat-  pressure lingFig. 1). They have been measured during the
suoet al. (1986, Yamamuroet al. (1987, Johari(1998]. past 100 years and are scattered over various publications
The Gibbs fur_mtior_] derived in this paper igno_res the vari-from cloud physics to geology. No experimental data were
ous open questions in the low-temperature region and trealg aijaple to the authors for the region of high pressures at
ice I I'ke_ a stable eqwhbnum phase down to 0 K. .Th|s low temperatures. The new Gibbs potential provides reason-
approach IS supported by its very good agreement W'.th thgble values for that area, but no uncertainty estimates can be
Sg?;?%eglfg}ersng% bf?)trwﬁgjllen acnodnstir'ls(:e:s;rcv?:hfreexepzel?i? given. All temperature values of the measurements used were
o converted to the ITS-90 temperature scale. A list of some

mental findings of, e.g., Brill and Tippel967), it does not | tant d val o in Table 1 f f
exhibit negative thermal expansion coefficients. Adjacengﬁgzra constants and values is given in fable L for reter-

ices II, 1, IX, or XI [see e.g. Lobbaet al. (1998] are not ) ) .
further considered in the following. Attached in parentheses to the given values, estimated

The first proposals to combine ice properties into a Gibb$OMPined standard uncertainties, are reported[ISO
function were published by Feistel and Hag@895, and by ~ (1993a], from which by multiplying with the coverage fac-
Tillner-Roth (1998. Both formulas provide the specific tor k=2 expanded uncertaintids can be obtained, corre-
Gibbs energy of iceg(T,p), in terms of temperaturé and  sponding to a 95% level of confidence. The short notion
pressurep, and are based on only restricted data selectionsuncertainty” used in this paper refers to combined standard
from the vicinity of the melting curve. Feistel and Hagen uncertainties or to relative combined standard uncertainties,
(1995 had used ice properties as summarized by &eal.  if not stated otherwise.

(1991, expressed in lowest order polynomials of tempera-
ture and pressure near the melting point at normal pressure,
later improved by Feistg|l2003 for higher pressures using

J. Phys. Chem. Ref. Data, Vol. 35, No. 2, 2006



1026 R. FEISTEL AND W. WAGNER

TaBLE 1. Special constants and values used in the paper

Quantity Symbol Value Unit Uncertainty Source
Triple point pressure Pt 611.657 Pa 0.010 Guildnet al. (1976
Normal pressure Po 101325 Pa exact 1ISQL993b
Triple point temperature T, 273.160 K exact Preston-Thomé&k990
Celsius zero point To 273.150 K exact Preston-Thomék990
Normal melting point Tmelt,po 273.152 519 K x10°° This paper

peared during the transformation of six originally real pa-
rameters describing heat capacity into four complex numbers
[Feistel and Wagne{2005].

The thermodynamic Gibbs potential functig'(T,p) is The _ComP'eX logarithm ",ID |s'meant as t_he prlr}mpal
the specific Gibbs energy of ice Ih, which is equal to thevalue, ie., it evaluates to Imaginary parts in th? mtv_erval
chemical potentia."(T,p) of ice, given in mass units. In _ 7~ MlIn@I<+7 (the number Pi7=3.1415..., in this
the following, for simplicity we will generally suppress the inequality is not to be confuse_d with the symbol of redqced
superscript “Ih” for ice properties. We express absolute tem_presg,urh The complex notation used her_e has no d|re_ct
peraturel by a dimensionless variable, the reduced temperaphﬁ'Cal reasons but serves for the convenience of apalytlcal
ture 7=T/T, with triple point temperaturd;, and absolute partial der|vat_|ves .and for compactness of the resulting for-
pressurep by reduced pressure=p/p;, with triple point mulas, espemally in program code. Complex Qata types are
pressurep, . supported by smgnﬂﬁc cgmputgr Iapguages I|ke. Fortran or

The functional form ofg(T,p) for ice Ih is given by Eq. C++, thus allowing an immediate implementation of the

(1) as a function of temperature, with two of its coefficientsformUIaS given, W.'thOUt the need. for prior conversion t(.)
being polynomials of pressure much more complicated real functions, or for experience in

complex calculus.

The residual entropy coefficiest is given in Table 2 in
the form of two alternative values, its “IAPWS-95” version
is required for phase equilibria studies between ice and fluid
7 water in the IAPWS-95 formulatiofWagner and Prul
+ (et DNtk 7)— 2t Inty — E} (2002], or seawatefFeistel (2003], while its “absolute”

version represents the true physical zero-point entropy of ice

[Pauling(1935, Nagle (1966 ]:

“IAPWS-95" reference stat¢\Wagner and Pru@002]:

2. The New Equation of State
(Gibbs Potential Function )

2
g9(T,p)=gdo—SoTe: 7+ T, Regl rk[(tk_ 7)In(t—7)

4
Jo(p) =k§O ok- (m— 1), (1)

ut(Ty,py=0 Jkg*,

2
rz(p):go F o (= 10)*. sY(T,,p)=0 Jkg *K1, ®)

The dimensionless normal pressurenig=py/p;. The real
constantygyyo—Jdos and sy as well as the complex constants
ty, rq, to, andr,o—r,, are given in Table 2. This list of 18
parameters contains two redundant ones which formally ap-

“Absolute” reference state:

g(0,pg) = —632020.233 449 497 JKg,
s(0,pg)=189.13 Jkg*K™ 1. 3

TaBLE 2. Coefficients of the Gibbs function as given in Et)

Coefficient Real part Imaginary part Unit
oo —632 020.233 449 497 JKkg
Jo1 0.655 022 213 658 955 J kg
Jo2 —1.893 699 293 261 31E08 Jkgt
Jos 3.397 461 232 710 53E15 Jkgt
Jos —5.564 648 690 589 91E22 Jkgt
s, (absolute 189.13 Jkgtk™t
s, (IAPWS-95 —3327.337 564 921 68 JkgK?
t, 3.680 171 128 550 51£02 5.108 781 149 595 72E02
r 44,705 071 628 5388 65.687 684 746 3481 e
t, 0.337 315 741 065 416 0.335449 415 919 309
F20 —72.597 457 432 922 —78.100 842 711 287 JkgK™?
Fo1 —5.571 076 980 301 23E05 4.645 786 345808 06E05 ~ Jkg 1K™t
I 2.348 014 092 159 13E11 —2.856511429049 72611  Jkg K™t

J. Phys. Chem. Ref. Data, Vol. 35, No. 2, 2006



EQUATION OF STATE FOR H,O ICE IH 1027

TaeLE 3. Relations of the thermodynamic properties to the equation for the Gibbs energy for i¢é),Eod
its derivative8

Property Relation Unit Eq.

Density
p(T,p)=v *=(ag/op)7* p(T.p)=g,* kgm 3 @
Specific entropy
s(T.p)=—(dg/4T), s(T,p)=—0r Jkg K™ ®)
Specific isobaric heat capacity
Cp(T.p)=T(3s/T), Co(T.p)=—Tgrr Jkgtk? (6)
Specific enthalpy
h(T,p)=g+Ts NT.p)=g-Tgr Jkg™t @
Specific internal energy
u(T,p)=g+Ts—pv u(T,p)=9-Tgr—pg, Jkg™ ®
Specific Helmholtz energy
f(T.p)=g—pv f(T,p)=9-pg, Jkgt 9)
Cubic expansion coefficient
a(T,p)=v"(av/dT), a(T,p)=0rp/9, K1 (10)
Pressure coefficient
B(T,p)=(ap/aT), B(T,p)=—0rp/9pp PaK™* (11)
Isothermal compressibility
kr(T,p)=—v"*(dvldp)r x1(T,P)=—0pp/9p Pat (12
Isentropic compressibility
ko(T,p)=—v"Y(3vldp)s ks(T,p) = (955~ 9r19pp)/ (9p077) Pa’ (13
B I - I s R

Or= &Tpv gp_ 3p1—’ gTT_ﬁép: ng_ 3Tt9p' gpp_WT

Superscript L indicates the liquid phase. The propertis  as well as the pressure independence of residual entropy are
the specific internal enerd¥eq. (8)]. The theoretical absolute intrinsic properties of the potential function.
value for the internal energy is given by the relativistic rest
energy, a very large number on the order of"1Dkg ?,
which is too impractical to be adopted here. Thus, to conve-
niently specifygqg, the second free constant of the reference
state defined by Eq3), the value ofg at zero temperature Of the various experimentally determined ice properties
and normal pressure is chosen here for S|mp||c|ty to be th@my a representative selection can be discussed here, includ-
same for both reference states. ing density, specific isobaric heat capacity, and cubic expan-
A collection of the most important relations of the thermo- sion coefficient at normal pressure, isentropic compressibil-
dynamic properties to the equation for the Gibbs energy foity, as well as melting and sublimation pressures. For more
ice is given in Table 3. details we refer the reader to the paper of Feistel and Wagner
Various properties of ice Ih can be computed by means 0f2009.
partial derivatives of the Gibbs energy. A list of all partial 3.1. Density
derivatives ofg up to second order with respect to the inde-
pendent variablep andT is given in Table 4. Specific volume,v, i.e., the reciprocal of density, is
The Gibbs potential function, E€L), has a compact math- derived from the potential function, E@l), by its pressure
ematical structure which is capable of covering the entirederivative, Eq(4), as given in Table 3. This equation leads to
range of existence of ice Ih between 0 and 273.16 K and @ T* law for first low-temperature corrections with respect to
and 211 MPa. It uses 16 free parameters; 14 of them werdensity at 0 K, in agreement with theoflyandau and Lifs-
determined by regression with respect to 522 data pointshitz (1966)].
belonging to 32 different groups of measuremeiible 5, The density of ice has practically been determined in very
the remaining two parameters are subject to the IAPWS-98lifferent ways, e.g., by calorimetrigGinnings and Corruc-
definition of internal energy and entropy of liquid water at cini (1947], mechanicalJacob and Erk1929], acoustical
the triple point, or alternatively, to the physically determined[Dantl and Gregor&1968], optical[Gagnonet al. (1988],
zero point residual entropy, Eg&) or (3). The majority of  x-ray [Brill and Tippe (1967] or nuclear method§Rottger
the measured thermodynamic equilibrium properties are deet al. (1994 ]. Measurements of different authors often typi-
scribed by the new formulation within their experimental cally deviate from each other by up to about 0.88tg. 2
uncertaintiedsee Table b Details on the representation of even though the uncertainty of the particular series claimed
the experimental data are given in Sec. 3. Additionally, theby the experimenter may be about 0.08P&ntl and Gregora
cubic law of Debye for the heat capacity at low temperature$1968]. A possible cause of this systematic scatter could be

3. Comparison with Experiments
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1028 R. FEISTEL AND W. WAGNER

TaBLE 4. Equations for the Gibbs energy for ice, Etj), and its derivatives

Equation for the Gibbs energy(T,p) and its derivatives Unit
2 7’2 J kg_1
gTpP=g—STi7+ TR E rk{(tk—T)m(tk— 7)+ G+ DIn(t+ 71— 24 In(t) — t_k”
k=1

with 7=T/T,, m=p/p;, T;=273.16 K, p,=611.657 Pagy(p), ro(p)

2
gT__S()+Re{2 i

It +In(te+ 7)—2 —TH
ty

2
Gp=Yopt Tt Re{rzyp{ (to— 1) In(t,— D+ (t+ DIn(t,+7)— 2t In(ty) — Tz“

—1l—2
1 [& /1 1 2 Jkg“K
9TT:ftR E:rk

- —— =
k=1 tka tk+7' tk

T m® kg tK™t
Orp= Re[rzvp —In(t,— 7 +In(t,+ T)—Zt—
2.
7 m* kgt Pa?
9pp=%0ppT Tt Re{"z,pp (t,— 7)In(t,— 1)+ (t+ DIn(t,+7)—2t, In(ty) — ™ J
go(p) equation and its derivativks  Unit r,(p) equation and its derivativks Unit
4 Jkgt 2 Jkg 1K
go(p)zg Qo m—m)* rz(p):Z F (= 70)*
with with
po_ 101325 Pa _po_ 101325 Pa
T~y T 611.657 Pa 70T, T 611.657 Pa
4 m® kg™t 2 m kg 1K
k k
gO,p:E gOk_('”'_TrO)ki:l rZ,P:z r2k—(w—7r0)k’1
k=1 Pt k=1 Pt
k(k—1) m? kg Pt 2 m* kgL Pa K-t
Jopp= Gok——— (m— )< 2 I'2,er="22;2
k=2 Pt t
a
_|® _|® _[79 _[ %9 _[#g
Or= aT py b=\ 7p T, Orr= T2 p, Orp= aTap] Gop= W i
90

02r2}

3290} _[f”z ; _{
s 2p= 2pp=— | 9n2
T Py

| T |7 7

’
T

the density lowering effect of aging on ice crystals, which isretically confirmedT? law in this limit. Several experiments
of the same order of magnitude, another could be the verjiave shown that linear thermal expansion of ice is isotropic
slow relaxation to equilibrium as observed by Giaugue andn very good approximation.
Stout(1936. The densities 916.71(05) kgth of Ginnings Experimental data fow are often derived from the relative
and Corruccini(1947) and 916.80(04) kg of Dantl and  change of lattice parameters, and they scatter significantly
Gregora(1968 are considered the most accurate determina(Fig, 3. Several findings like those of Jakob and Et929
tions at normal pressure and 0°C. The density maximag e apparently not consistent with the ‘Geisen limiting
found by Jacob and Erk1929, Dantl (1962, and Ratger |y, which predicts vanishing thermal expansion at 0 K with
et al. (1994 are located in the range of enhanced uncertainty, ;e first deviations. The similar results obtained bitger
between 60 and 90 KFig. 2), close to 72 K where a phase ¢ 5 (1994 are computed here at the temperatures of their
transition of ice |h to th(_e higher ordered ice Xl is SUppgsedmeasurements from their density polynomi&lr) with new
f’f/’OCr’t‘;]C(‘Jlrg';;‘]’Ye and Whitworth(1989, Petrenko and Whit- o fficiantst A, = 128.2147,A,=0, A,=0, Ay= — 1.3152E
—6, A,=2.4837E-8, A;=—1.6064E-10, A;=4.6097E
—13,A;=—4.9661E-16 (W. F. Kuhs, private communica-
tion)], improved with respect to the published ones. Al-
though their polynomial for the cubic expansion coefficient
The cubic expansion coefficient, is obtained from spe- is correctly constrained to approach zero at 0 K, its leading
cific volume and its temperature derivative, Eq.0), as  quadratic term is not consistent with the required cubic lim-
given in Table 3. At very low temperatures(T) follows a  iting law. Data like those of Lonsdalel958 are evidently
cubic law like heat capacity, thus obeying @eisen’s theo- erratic. The very accurate data set of ButkovitB57 with

3.2. Cubic Expansion Coefficient

J. Phys. Chem. Ref. Data, Vol. 35, No. 2, 2006



EQUATION OF STATE FOR H,O ICE IH 1029
TaBLE 5. Summary of data used for the determination of the Gibbs function coefficients
T p No. of Required Resulting
Quantity Sourckg (K) (MPa) data rms rms

g B12 251-273 10-210 15 1113 JKg 222 Jkg?

g HS87 259-273 5-147 6 500 Jky 48 Jkg?t

g JPH70 257-273 0.0001-0.0006 45 139 Jkg 132 Jkg?

g DO65 257-273 0.0001-0.0006 6 86 Jkg 175 Jkg*
dPmen/dT GC47 273 0.1 1 3kPak l.4kPaK?
dPmen/dT D05 273 0.1 1 7 kPaK! 4.6kPaK?
dpmen/dT G13 273 0.1 1 11 kPa® 10.8 kPaK?

s GS36 273 0.1 1 0.8Jkg K™* 0.17JkgtK™?t

s 039 273 0.1 1 0.7Jkg K™t 0.39JkglK™?

s HMSS74 273 0.1 1 0.7JkgK™?t 0.05JkgtK™?

s CWM89 298 0.1 1 1.7Jkgt Kt 0.8Jkgtk?

Cp GS36 16-268 0.1 61 relative 2% relative 0.88%

Cp FLM60 2-27 0.1 59 relative 2% relative 3.0%

cp HMSS74 13-268 0.1 160 relative 2% relative 0.6%

v LP60 93-263 0.1 10 1chkg™?t 0.91cnikg™*

v BT67 13-193 0.1 10 0.3 chkg ™! 0.52 cni kg™ *

v M34 273 0.1 1 0.84 cikg ™t 0.29 cni kg™ *

v T55 227 0.1 1 0.37 chkg™* 1.1cnikg?

v B55 268-270 0.1 28 0.2 chkg ! 0.12cnikg™?t

v DG68 273 0.1 1 0.04 chrkg ! 0.093 cnikg™ !

v JE29 20-273 0.1 34 0.5 crkg ! 0.57 cnikg !

v REIDK94 17-265 0.1 19 1 chkg?! 0.34cntkg !

v B35 251-273 0.1-211 6 10 érkg ! 12 cn? kg™t

v GKCwss 238 0.1-201 5 1 chkg ! 1.4cnikg™?t
(avlaT), B57 243-273 0.1 7 2mirkg 1K™t 1.9mnfkg tK™?

Ks D67 133-273 0.1 15 4TPa 3.4TPatl

Ks P66 60—110 0.1 6 1TPa 0.46 TPat

Ks BR69 253 0.1 1 8 TPd 6.5TPa?

Ks GKC80 257-270 0.1 3 0.7 TP& 1.1TPat?

Ks GKCwss 238-268 0.1 7 0.7 TP& 0.57 TPa?

Ks GKCwss 238 0.1-201 5 0.7 TPA 0.39 TPa*
(dxslap)t BR69 253-268 0.1 4 500 TP& 553 TPa?

8312: Bridgman(1912a, B35: Bridgman(1912a, 193§F B55: Butkovich(1955, B57: Butkovich(1957, BR69: Brockamp and Rar (1969, BT67: Brill and

Tippe (1967, CWM89: Coxet al. (1989, D05: Dieterici(1909, D67: Dantl(1967), DG68: Dantl and Gregorél968, DO65: Douslin and Osbor(1965,

FLM60: Flubachert al. (1960, G13: Griffiths(1913, GC47: Ginnings and Corrucciii947, GKC80: Gammoret al. (1980, 1983 GKCW88: Gagnon

et al. (1988, GS36: Giaugue and Sto(t936, HMSS74: Haidaet al. (1974, HS87: Henderson and Speed®87, JE29: Jakob and Erkl 929, JPH70:

Jancscet al. (1970, LP60: LaPlaca and Po&t960, M34: Megaw(1934), O39: Osborné€1939, P66: Proctof1966, REIDK94: Rdtgeret al. (1994, T55:

Truby (1955.

PRoot mean square deviatidnms) prescribed for the least-square expression of the particular data set, used for the weight of the corresponding target
function. 1 TPa equals 1®Pa.

‘The returned rms of the fit.

only about 1% uncertainty, measured mechanically at variougiagen (1995 adopted the value 232 TP& from Yen
ice structures above 30 °C, is the only one which we used (1981), that of Tillner-Roth(1998, however, used the value
for the regression, and is in very good agreenié&ft) with 112 TPal.
the current formulation. More reliable values are available for the isentropic com-
pressibility, Eq.(13),
1

3.3. Isothermal and Isentropic Compressibility Ke= — _(
14

r?V) a’Tv

wl, T e 4

Isothermal compressibility of icex, is obtained from
specific volume and its partial pressure derivative, @q), = which can be computed from the elastic moduli of the ice
as given in Table 3. As shown in Table 6, experimental datdattice[see Feistel and Wagn&005 for detaild. The elastic
for ky at 0°C and normal pressure vary between, e.g.moduli are determined acoustically or optically with high
360 TPa! [Bridgman (19123] and 120 TPa® [Richards accuracy. Data at normal pressure computed from elastic
and Speyer$1914], and this significant uncertainty remains constants of Dant{1967 with uncertainties of 3%, Proctor
in more recent reviews of ice propertig8orsey(1968, Yen (1966 with 1%, Brockamp and Rer (1969 with 8%, and
et al. (199))]. The former Gibbs potential of Feistel and of Gammonet al. (1980 and Gagnoret al. (1988 with un-
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a) Specific Volume at 101325 Pa a) Cubic Expansion Coefficient at 101325 Pa
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b) Deviation of Specific Volume at 101325 Pa b) Cubic Expansion Coefficient at 101325 Pa
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" ‘B
,,,,,,,,, : _3 § 3
4 5 140
e
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Temperature 7/K
Fic. 2. Specific volume from Eqg.(4) at normal pressurpy, panel(a), and
deviations A v/ v=(Vgaa— Vcad/ Vcac @t high temperatures magnified in Fic. 3. Cubic expansion coefficieat from Eq.(10) at normal pressurp,,
panel(b). Data points are B: Brill and Tipp€l967), D: Dantl and Gregora  shown as a curve. Data points are B: Brill and Tipd®67, D: Dantl
(1968, G: Ginnings and Corruccinf1947, J: Jakob and Erk1929, L: (1962, J: Jakob and Erk1929, P: LaPlaca and Po$1960, L: Lonsdale
Lonsdale(1958, M: Megaw (1934, P: LaPlaca and Po§t960, R: Rdtger (1958, and R: Ritger et al. (1994. Error bars aff >243 K are data with
et al. (1994, T: Truby (1955, and U: Butkovich(1959. Most accurate data  uncertainties reported by Butkovit¢h957), which were used for the regres-
are U (estimated uncertainty 0.09%G (0.005%, and D(0.004%. sion. The high-temperature part of paral is magnified in pane(b).

certainties below 1% are reproduced by the current formula¥4sLe 6. Selected values reported for the isothermal compressilailitat
tion within their bounds over the temperature interval 60—the normal pressure melting point
273 K, as are high-pressure data of Gageoal. (1988 at

K

—35°C between 0.1 and 200 MRRig. 4). Source (Tp;—l)
Bridgman(1912a 360
3.4. Specific Isobaric Heat Capacity Richards and Speyefd914 120
Franks(1972 123
Compared to many other solids, the heat capacity of ice In  Hobbs(1974 104
behaves anomalously. It follows Debye’s cubic law in the Wexler(19779 134
Yen (1981), Yenet al. (1991 232

zero temperature limit, but at higher temperatures it violates Henderson and Speed}987 o
the empirical Groeisen law which states that the ratio of  \wagneret al. (1994

190°
isobaric heat capacity and isobaric thermal expansion is in- Tillner-Roth (1998 112
dependent of temperature. Near the melting temperature, Marion and Jakubowski2004 140
most crystalline solids possess a constant heat capacity, but Tis paper 118

this rule does not apply to ice. Isobaric heat capacities werd/alue estimated from the curvature of the melting curve.
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a) Isentropic Compressibility at 101325 Pa a) Specific Isobaric Heat Capacity at 101325 Pa 2400
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b) Isentropic Compressibility at -35.5°C b) Specific Isobaric Heat Capacity Deviation at 101325 Pa
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Fic. 4. Isentropic compressibilities, from Eq.(13) at normal pressurgg, Fic. 5. Specific isobaric heat capacity from Eq. (6) at normal pressure

panel(a), and at—35.5 °C, panelb), shown as curves. D: data computed po, panel(a), shown as a curve, and relative deviation of me_asurements
from the correlation functions for elastic moduli of Dafb67, 1968, 1969 from Ea. (6), Acy/Cp=(Cp,gara Cp,caid! Cp,carc Panel(b). Data points are:

- - ) ' A : Giauque and Stoufl936, F: Flubacheet al. (1960, S: Sugisakit al.
with about 3% uncertainty shown as lines above and below, P: correspon 1968, and H: Haidzet al, (1974, The estimated experimental uncertaint
ingly computed data of Proct§t966 with about 1% uncertainty, L: data of £ 20t . k db I'd. i ) P Y
Leadbetter(1965, not used for regression, B: Brockamp andtd®(1969, OF 2% Is marked by solid lines.
M: Gammonet al. (1980, 1983, and G: Gagnoret al. (1988.

equation forc, properly describes the experimental data
within their uncertainty range over the entire temperature
measured at normal pressure by several auth@iauque interval (Fig. 5). With this new formulation, heat capacities
and Stout(1936, Flubacheret al. (1960, Sugisakietal.  can be computed for arbitrary pressures, which are not avail-
(1968, Haidaet al. (1974]; all their results agree very well able from experiments.
within their typical experimental uncertainties of about 2%
(Fig. 5).
The second temperature derivative of the Gibbs potential
provides the formula for the specific isobaric heat capacity, Classical thermodynamics defines entropy by heat ex-
Cp, EQ.(6), as given in Table 3. At very low temperatures, change processes. This way, only entropy differences can be

3.5. Specific Entropy

cp(T) converges toward Debye’s cubic law as measured for a given substance, thus leaving absolute en-
c tropy undefined and requiring an additional reference value
lim T—g =0.0091 JkgtK ™4, (15)  like the Third Law. For this reason, the IAPWS-95 formula-
T—0

tion specifies entropy to vanish for liquid water at the triple
which is in good agreemen2%) with the corresponding Pint. Statistical thermodynamics, however, defines entropy
limiting law coefficient lim(c,/T%)=0.0093 Jkg*K * de- theoretically and permits its absolute determination. For wa-
T—0 ter vapor this was done by Gordgqi934 from spectro-
rived by Flubacheet al. (1960 from their experiment. The scopic data at 298.1 K and normal pressure, resulting in the
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specific entropy of vapors'=45.101 caldeg! mol ! #) Sublimation Pressure | kPa
=10476 Jkg! K™ 1. The latest such value, reported by Cox L ol kPa
etal. (1989, is s-=69.95(3) JmollK 1=3883(2) l;m
Jkg K~ for the absolute entropy of liquid water at 298.15 3 -
K and 0.1 MPa, which coincides very well witls- & [P
=3883.7 Jkg1 K1, as computed using the formulation of o
this paper, Eq(5). E 10 mPa
For the ice Ih crystal a theoretical residual entropy ‘g ylmPa
s(0,p)=189.13(5) Jkg' K~ ! was calculated by Pauling g 0.1 mPa
(1935 and Nagle(1966 from the remaining randomness of & 10 yPa
hydrogen bonds at 0 K. This value is highly consistent with G| ; 1 pPa
Gordon’s (1934 vapor entropy, as Haidat al. (1974 con- o3 - --}0.1 yPa
firmed experimentally with  s(0,p)=189.3(10.6) / : 10 nPa
Jkg 1K1 [Petrenko and Whitworti1999]. The theoreti- 120 M0 160 ‘?r‘:mpef;’gm T;(ZO 240 20
cal residual ice entropy leads to a nonzero physical entropy o .
of liquid water at the triple point as“(T,,p,) =3516(2) . ) Sublimation Pressure Deviation 120
Jkg *K™1, while the IAPWS-95 entropy definition for lig- ;
uid water requires the residual entropy of ice to4§6,p) A A 100
=—3327(2) Jkg*K 1. Both versions are equally correct, - 8 ORI SRS S 80
but the latter value has to be used instead of the absolute oneT: s
if phase equilibria between ice and fluid water are studied in é' s &
conjunction with the IAPWS-95 formulation. Evidently, 7 D St et S -40
however, both versions differ in their uncertainties due to the §| E!....’. R R T T 2
different reference points. g, > it 3“‘ g
Specific entropys is computed as temperature derivative, e ST L e a mae s o 0
Eq. (5), of specific Gibbs energy, E(l), as given in Table 3. - P Lo
Note that in this formulation entropyt ® K is a pressure- X -
independent constant, in accordance with theory. - i i i -40
) 120 140 160 180 200 220 240 260
At the normal melting temperature Trettp, Temperature 7/K
=273.152519 K(see Sec. 3.¥, the entropy of ices can be ¢) Sublimation Pressure Deviation
computed from the entropy of wates", given by the 5 i T 04
IAPWS-95 formulation, and the experimental melting en- i : oo S 03
thalpiesAhmer=Tmer (S-—S) of Giauque and Stout1936), cc 0
Ahmer=333.49(20) kJkg! and  Ahpye=333.42(20) I i S 1 Sttt M Rl S 02
kJkg 1, of Osborng1939, Ahy,=333.54(20) kJkg?, or 3 - \\\3\ - o1
of Haidaet al. (1974, Ah,,e=333.41kJkg. The melting 8 i -
enthalpy at Tyerp, resulting from Eq. (7) is Ahpey g . NEEH 0
=333.43 kJkg ! and agrees well with those data. g ooy ettt
& : SR &
------------- ro-e teoo e mme e - 02
L ! wreees 03
3.6. Sublimation Curve
0.4

From the equality of the chemical potentials of the solid 252 25 25 258 26gm252m£ni56 68 2710 M
and the gas phase, pe

PRY; Fic. 6. Sublimation curve from the solution of E@L6), panel(a), and
9(T, Psub) = 9" (T, Psub) (16 relative sublimation pressure deviatioAp/p= (Pyata— Pcaid/Pcaic» Panel

; ; ; ;i (b), magnified in the high-temperature range in paoglData points are B:
the sublimation pressurpg“b(T) can be obtained numeri Brysonet al. (1974, D: Douslin and Osbor1965, J: Jancset al. (1970,

cally, e.g., by NeWth iteration, from Eﬂl) .for ice and the . "mauersberger and Krankowskg003, and M: Marti and Mauersberger
IAPWS-95 formulation for vapor. Sublimation pressure mea-(1993. For the fit only data with uncertainties of about 0.1%—-0.2% were

surements, available between 130 and 273.16 K, correspondsed for T>253K (p>100Pa), as shown in panet). Curve CC:
ing to 9 orders of magnitude in pressure from 200 nPa to 61f'ausius—Clapeyron simplified sublimation law, &&8).

Pa, are described by the current formulation well within their

experimental uncertaintid§ig. 6).

The Clausius—Clapeyron differential equation, which can be derived from Eq16), can be integrated in
v lowest order approximation, starting from the triple point
dpsubI: S—S a7 (Ty,py. under the assumptions of constant sublimation en-
dr  lp—1p”" thalpy, Ahg,=T- (sV—s)~Ah,=2834.4 kJkg?, the triple
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point value of this formulation, and negligible ice specific a)Meltinsffcmperaturc -
volume compared to that of the ideal gase Table 20 in the ' ' ' : i ! i
Appendi¥. The result is usually called the Clausius— [ H R
Clapeyron sublimation law, P 270
Ah (1 1 O I T U T T e
PSB(T) =Py exp,’ Rt(n - ] S oo
R=461.52364 Jkg' K ! is the specific gas constant. The é """" HR S -262
deviation between this very simple law, E@.8), and the §- +-+-260
correct sublimation pressure of this formulation, ELp), is e Rl e I S Nt A S S -258
often smaller than the scatter of experimental sublimation t-- -256
pressure datéFig. 6). Other, more complex sublimation for- i N s 254
mulas are in even much better agreement with the curren : T 252
one, like those of Jancai al. (1970 for T>130 K, of Wag- ; ; b ; ;
ner et al. (1994 for T>150K, or of Murphy and Koop 0 3 X B ;f:gssugs /1\:1?52\ 175 200 225
(2005 for T>130 K, which remain below 0.01% deviation P
in sublimation pressure in those temperature regions. Thus b) Melting Temperature Deviation
present experimental sublimation pressure data hardly pro ToM78/ | FH95 e :
vide a suitable means for assessing the accuracy of thos / e B 500
formulas. Sublimation enthalpyhg,,, as derived from ;
IAPWS-95 and the current thermodynamic potential, is al- y [ JSNN A A Y R
most constant over a wide range of pressures and tempereg [ i/ T g ymgg """ 200
tures; it increases to a maximum aAhg,,=2838.8 kJkg*! 3 R R S e A 100
at 240 K and decreases againAtg,,=2810.4 kJkg? at g Y

150 K (Table 20, thus justifying the success of the simple .
equation, Eq(18).

3.7. Melting Curve

Deviat:
&8

B A L e T T o N -500
The melting pressure equation of Wage¢ial. (1994 de- i —— Fo3
scribes the entire phase boundary between liquid water ani 0 3 B ;,ggssml:s ,;flfa 175 200 25
ice Ih with an uncertainty of 3% in melting pressure. On the P
other hand, the freezing temperature of water and seawate ©) Melting Temperature Deviation
derived by Feiste(2003 is more accurate at low pressures WSP94! / /FHO5 : HS87 10
but invalid at very high pressures. The formulation given in  [r==-i~7/=-i- / R A Bty Sk Rt S -8
this paper takes the benefits of both formulas, i.e., it provides }......: VAR 47 8 SOSISE SN SRS S 4 S— A 6.
the most accurate melting temperature at normal pressury | F°3/¢/__ _____________________________ L4
and reproduces the measurements of Henderson and Spee& /1
(1987 with 50 mK mean deviation up to 150 MREig. 7). 4 // - A A P e
Melting temperatureT o Of ice at given pressur@ is g 0
given by equal chemical potentials of the solid and the liquid :"57 e fonns ! GC‘" ..... L2
phase, ERN/ME L .y
g(TmeItap):gL(Tmeltvp)a (19) ------- B%T-_-ﬁ/---f -------------- ~§ -------------- Fromsseyoemeoas F6
from Eq. (1) for ice and the IAPWS-95 formulation for wa- ~ f-----deeeeer T T S e e e S .8
ter. From Eq.(19), the melting temperature can be obtained i g { .10
numerically. 0 5 10 15 20 25 30 35 40 45 50

Ginnings and Corruccini1947 measured the volume

change of a water—ice mixture when heating it electrically.rg, 7. Melting temperature as a function of pressure, computed from Eq.
They determined their Bunsen calorimeter calibration factor19), shown as a curve in panéd), and deviationsAT= Ty, Teac iN
Kgcar to be comparison to Eq(19) of this paper, panelb). The low-pressure range is
magnified in pane(c). Data points are: B: Bridgmafi9123, and H: Hend-
Ahpert 3 erson and Speedy1987. Melting curves are labeled by M78: Millero
Kecam———1——=270415%60) Jkg ! (20 (1978, FH95: Feistel and Hagef1995, WSP94: Wagneet al. (1994,
(Up—=1lp")png TRO8: Tillner-Roth(1998, HS87: Henderson and Speed®87), and FO3:
and used it for accurate ice density determination by meantFﬁeistel (2003. The cone labeled GC47 indicates the 0.02% uncertainty of

. . L e Clausius—Clapeyron slope at normal pressure after Ginnings and Cor-
of melting enthalpyAh, liquid water densityp~, and  yccini(1947. The intercept of M78 and FH95 at normal pressure is due to

mercury densityp,. This way, the uncertainty of ice den- the freezing temperature of air-saturated water.
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sity is mainly given by the uncertainty afh,.,, namely most accurate related experimental data. If such uncertainties
0.06%, while the smaller uncertainty of the calibration factorwere unavailable or inappropriate, our estimates were based
itself is only 0.02%. In Eq.(20), the original value of on the quantitative agreement and consistency of the data
Ksca= 270370 int.j.kg ! is converted from international to considered, with respect to the present formulation. For cases
absolute Joules by 1.0001§BIBS (1948, Rossinietal.  without any corresponding measurements, attempts were
(1952]. made to derive the required uncertainties from other, mea-

The calibration factor is proportional to the Clausius—sured parameters using thermodynamic rules. For these
Clapeyron slope of the melting curve at normal pressure, quantities in particular, more detailed derivations are de-

dT 1p—1lp- scribed below. - | N
met_ P P A summary of estimated combined standard uncertainties

dp ~ s-s" of selected quantities in certain regions of fhe space is
Tmeltp, given in Table 7. The uncertainty of density in different re-
= ions of theT-p space is shown in Fig. 8.
PrgK cear g PSP 9
=—74.30115 mKMPa ' (21)

This value is computed with the normal pressure melting
temperaturel ey p =273.152519 K and the density of mer-
cury, pyg=13595.08(2) kg m?3 [PTB (1995]. The Gibbs Uncertainties of specific entropy are different, depending
function of this paper provides for this melting point lower- on the reference state chosen, either “IAPWS-95” or “abso-
ing the coefficient y=—dTe:/dp="74.293 mK MPa?l, lute.” For both cases, we estimate uncertainties at specifi-
which fits well into the 0.02% uncertainty interval of Eq. cally selectedl-p conditions. Uncertainty estimates for dif-
(21). Other standard formulas like that of Bridgméi935, ferences As of specific entropy, corresponding to
x=73.21 mKMPa?l, of Milero (1978, x=75.3 mK thermodynamic transition processes between the initial and
MPa !, or of Wagneret al. (1994, x=72.62 mKMPa?l, the final states as given in Tables 8 and 9, do not depend on
are significantly beyond this uncertainty linjFig. 7). the choice of the reference state and are valid for both cases:
At normal pressure, Eq19) provides the melting tem- IAPWS-95 or absolute. In particular, we derive a value for
peratureT nei( Po) = Tmett p,= 273.152 519 K. Making use of the uncertainty of the specific entropy differents between

the fact that triple point temperature and normal pressure arfé'€ zero point and the melting point,

4.2. Uncertainty of Specific Entropy

exact by definition, and taking into account the small uncer- U(AS)=ud S(Tmeitp,»Po) —S(0,po)]. (22
tainties of the triple point pressur@able ) and of the o
Clausius—Clapeyron coefficient, E@1), the possible uncer- In Table 8, it is assumed that the specific zero-point en-

tainty of this normal melting temperature is estimated as onlyjropy with its uncertaintyPauling (1935, Nagle (1966 is

2 uK [Feistel and Wagne(2005]. This theoretical, very given. All other specific entropy values are computed relative
small uncertainty may practically be disguised by larger one#o it using the present and the IAPWS-95 formulation. The
caused by varied isotopic composition, impurities like dis-specific entropy uncertainty at the CODATA point is adopted
solved gases, or by natural air pressure fluctuations. In corfrom Cox et al. (1989. The uncertainty of its specific en-
trast, it may serve as a rather sensitive measure for the purityopy difference to the freezing point is estimated as

of ice and water in mutual equilibrium. ufs-(298.15 Kpo)_SL(Tmelt,poapO)]

208.15 Ku(Cp)
4. Uncertainties :f T
Tmelt,po
4.1. Summary
. - . ~4 Jkg‘lK‘1~InM
Combined standard uncertaintiesreported in the follow- Theltp,
ing, estimated directly or indirectly from experimental data, ~0.4 JkglK ! 23)

were obtained during the numerical construction of the ther-
modynamic potential and exploiting its inherent consistencyusing the heat capacity uncertainty of 0.19APWS-95,
Here, estimated combined standard uncertainijeare re- i.e., uc(c;)=4Jkg‘1K‘1. For the specific freezing point
ported [1ISO (19933], from which expanded uncertainties entropy, the uncertainty of 1.8 JkgK ~* is computed as the
U=ku, can be obtained by multiplying with the coverage root mean square of 0.4JkgK ! and 1.7 Jkg*K 1.
factork=2, corresponding to a 95% level of confidence. TheWith the additional specific melting entropy uncertainty of
short notion “uncertainty” used in the following refers to only 0.07 Jkg!K ™! due to Giauque and Sto(t936), the
combined standard uncertainties or to relative combinedincertainty of the specific melting point entropy remains
standard uncertainties. 1.8 Jkg 1K1, Together with the specific zero point entropy

The fundamental information about the uncertainty of auncertainty of only 0.05 JKg' K1, we finally get the un-
particular quantity in a certain region of thlep space is certainty of the specific entropy difference between the zero
adopted from the uncertainties reported or estimated for thpoint and the melting point to be
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TaBLE 7. Summary of estimated combined standard uncertainties of selected quantities in certain regions of the
T-p space, derived from corresponding experiments

Quantity T interval p interval Uncertainty
u9) T<273K p=<0.1 MPa 2Jkgt K IX|T-T
u(9) 238 K=<T=<273K p=<200 MPa 2Jkgt K™ IX|T-T|+2%x10 ¢ Jkg lPal

X|p—p{
ug(h) T<273K p<0.1 MPa 600 J kgt

U(ANmer) T=273.15K p=0.1 MPa 200 J kgt

UAhgy)  130KsT=<273K 100 nP&p 4Jkg 1K IXT

U(dpmer/dT) T=273.15K p=0.1 MPa 3*10° PaK?!

Ue(Tmen) 273.15K<T p<0.1 MPa 21078 K2

Ue(Trmen) 27311 KT p<0.6 MPa 4¢10°° K

U Tmen 266 K< T=<273K p=<100 MPa 210 ° KPa xp

Ue(Trme) 259 K<T<266 K 100 MPasp=<150 MPa 0.5K

Uc(Pmerd/Pmer 266 KST<273 K p=<100 MPa 2%
U Psun) 257 K<T=<273K 100 Pap 0.4 Pa
Ue(Psub)/Psubi 130 K€ T<257 K 100 nP&p=<100 Pa 0.6%
ug(s) T<273K p<0.1 MPa 2Jkgtk™?t

ug(cp)/cy T<273K p<0.1 MPa 2%
udp)p 268 K= T<273K p<0.1 MPa 0.02%
udp)p T<268K p<0.1 MPa 0.1%
udp)p 238 K<T=273K p<200 MPa 0.2%
ua) 243 K<T=273K p<0.1 MPa 108K
ug(a@) 100 K<T=<243K p=<0.1 MPa 510 6Kt

Udks),U(kT) BOK=T=<273K p=<0.1 MPa x10 2 palt
U ks),U(kT) 238K=T=273K p=<200 MPa x10 2 pat

a/alue assumes an exact triple point temperature. If isotopic variations are accounted for, the additional uncer-
tainty of the triple point temperature of 40K must be included, see text.

Relative Combined Standard Uncertainty of Density ud S(Tmelt,pov Po) —S(0,p0)]=1.8 Jkg 1k-1, (24)

b —'\\ LIQUD 100 Ma This value, which is derived from essentially the uncertain-
No moertainty estimate possible i 1 MPa ties of the specific absolute entropies at the zero point and
0.02% ‘Il’gkpa the CODATA point, is significantly smaller than the usual
— value of 12 Jkg! K1 given by Giauque and Sto(1936,
A TrpleFont.... L 100 Pa obtained from the heat capacity uncertainty.
g 0.1% | Pa If, however, entropy is subject to the IAPWS-95 reference
8 state, its value for the liquid phase at the triple point is zero
a 10 mPa by definition(Table 9. The uncertainty of specific entropy at
VAPOR 100 yPa the freezing point then follows from the path integral be-
tween the adjacent states,
1 pPa L L
/ UC[S (Ttvpt)_s (Tmelt,povpo)]
0 50 100 150 200 250 300 10nPa L L
T
Temperature 7 /K :f t UC(CP)dT+ fpluc{(%) }dp
T p
Fic. 8. Relative combined standard uncertainty of ice densityp)/p, meltPo ° P
Table 7, estimated for different regions of tfiep space. No experimental 1,1 T,
high-pressure data are available at low temperatures. ~4 Jkg “K™-/In |
melt,pg

TaBLE 8. Uncertaintiesl, of absolute specific entropiesand of their differencedas

T p As S U
(K) (Pa (Ikg tK™) (Jkg K™ (Jkg ' K™
Zero point 0 101 325 189.13 0.05
Difference 2106.57 1.8
Melting point 273.152 519 101 325 2295.70 1.8
Melting 1220.67 0.07
Freezing point 273.152 519 101 325 3516.37 1.8
Difference 367.31 0.4
CODATA point 298.15 100 000 3883.67 1.7
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TaBLE 9. Uncertaintiesi; of IAPWS-95 specific entropies and of their differenceas

T p As s Uc
(K) (Pa (kg 'K™) (kg 'K (kg KT
Zero point 0 101 325 —3327.34 1.8
Difference 2106.57 1.8
Melting point 273.152519 101 325 —1220.77 0.07
Melting 1220.67 0.07
Freezing point 273.152 519 101 325 -0.11 0.0002
Difference 0.11 0.0002
Triple point 273.16 611.657 0.0 0.0
+|pi—Po| 6-10 ¥ mkg tK?! p=<200 MPa. (32

(25

~ ~lr-1

~0.0002 Jkg™ K™ So we get for the three different regions the expressions
The uncertainty of specific heat capacity was taken from th@68 K= T<273 K, p<0.1 MPa:
IAPWS-95 formulation, that of thermal expansion was de-
rived from the measurements of CaldwelP78, see Feistel
(2003, thus resulting in an uncertainty of 0.0002 JRdK ~*
of specific entropy at the freezing point. The uncertainty of
the specific melting entropy of Giauque and St@836 of  T<268 K, p<0.1 MPa:
0.07 Jkg * K~ ! is then the dominant contribution to the un-
certainty 0.07 Jkg* K~ ! of specific entropy at the melting Ug(9)=1310"° Jkg *+2 Jkg 'K YT-T|
point. Between this point and the zero point, the uncertainty _ _
of the specific entropy difference was determined in Table 8 +1 Jkg *MPa tp—pj, (34
to be 1.8 Jkg* K™*. Therefore, the uncertainty of the spe- 538 k<T<273 K p<200 MPa:
cific residual entropy with respect to the IAPWS-95 refer- '
ence state is 1.8 JkgK™1.

Ug9)=13-10"° Jkg '+2 Jkg 'K YT-T|
+0.2 Jkg *MPa Yp—p|, (33

UJ9)=1310"° Jkg *+2 Jkg *K YT-T|

. o +2 Jkg 'MPa Yp—pj. (35)
4.3. Uncertainty of Specific Gibbs Energy

Usually, these terms can be safely simplified to those given
The specific Gibbs energy of arbitrafyp states can be in Tabl%e 7 y P ¢

computed by the path integral starting from the triple point,

T p
9(T,p)=9(T ,p)—f s(T’,p)dT’+f v(T,p’)dp’. : .

. Tt t Pt 26 4.4. Uncertainty of Specific Enthalpy

26
The corresponding uncertainties can be computed, using val- Expressmg speC|f|c enthalpy y=g+Ts, we can est-
. . e mate its uncertainty as
ues given in Table 7, for the specific Gibbs energy

ud g(Te, P I=ud u(Te, p) — TiS(Ty, py) + P ( Ty, Py

=pud v(Te,p) 1+ v(Te,poudpy),  (27)

uc(h)=uc(g)+TuC(s)%2 JkgilKil|T_Tt|
+2 Jkg 'K 1T=2 Jkg 'K 1T=600 Jkg?

udg(T;,p)1=1310"° Jkg *, (28) (36)
for the specific entropy, in the low-pressure region=273 K, p<0.1 MPa.
uds(T,pp]=2 Jkg 'K 1, (29)

and for the specific volume,
ud»(T,p)]=0.2 Jkg *MPa ! for 268 K=T=<273 K,

4.5. Uncertainty of Sublimation Enthalpy

The uncertainty of specific entropy of ice below 0.1 MPa,

p<0.1 MPa, (300  and therefore along the sublimation curve as well, is

_1 _1 . _ e _

ulv(T.p)]=1 Jkg*MPa® for T=268 K, 1.8?]kg K™*. Supposing the IAPWS-95 specific hea_t ca
pacity of water vapor at low pressures to be known with an

p<0.1 MPa, (3D uncertainty ofuc(c;’)/c\p’wo.03% and the evaporation en-

tropy of about 9 kJ kg* K ! with an uncertainty of 0.02%,
we get for the specific entropy of vapor an uncertainty esti-
udv(T,p)]=2 Jkg *MPa! for 238 K<T=273 K, mate of

and
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v v LY p>0.6 MPa, when the effect of the curvature of the melting
Uc[s™(T,p)]=uc s*(Ti,p) + Tt(cp/T)dT curve becomes comparable with that uncertainty, a more
general estimate is required.
~U[sY(T,p) ]+ Uc(C)IN(T/T) The melting curve is determined by the vanishing chemi-
~2 Jkg 'K L4 (T,~T)-0.004 Jkg K 2. cal potential difference
(37) Ag=g~(T,p)—g(T.p)
Summing up the ice and vapor parts, the uncertainty estimate (P o T, ,
of sublimation enthalpy is — 0 (Te,p’)dp’ — Tts (T",p)dT

U(Ahgyp) = TU(ASgyp) T p
+f s(T’,pt)dT’—f v(T,p)dp’. (41
—1 —1 Tt Pt
The two integration paths are chosen to be inside the liquid
~T-4 Jkg K1, (38 and inside the vapor region of tie p space. Since no un-

. 0 certainty estimate is given by the IAPWS-95 formulation for
varylng_lloetween about 0.4 kJkj (or 0.015% at 130 K and the specific entropy of the liquid, we transform by partial
1 kJkg - (or 0.03% at 273 K. . : i .

integration the corresponding integral into

. . . T T T
4.6. Uncertainty of Sublimation Pressure LT’ r— _ Loy ’
% ths (T',p)dT f (T’ 1)cy(T',p)dT’. (42

Tt

For an estimate of the uncertainty of the sublimation pres-
sure above 100 Pa, we adopt the value 0.4 Pa as provided byFor p<100 MPa, we can estimate the uncertainyAg)
Jancsoet al. (1970 for his experiment. Below 100 Pa, we using the valuesug(v")/v-=0.003% (from IAPWS-95,
use the Clausius—Clapeyron differential equation, @), ug(cp)/cp =0.3% (from IAPWS-95, uy(v)/v =0.2% (from

v Table 7, and, atp<0.1 MPa, u(s)=2 Jkg 'K~ (from
dpsubl_ §'—S

_Fsubl_ 7 7 Table 7:

dT W—v (39
. . ) p
in an approximate form with"Y — v~ »¥~RT/p, uJAg)= fp ud vH(T,,p’)]1dp’

t
uc[ psubl] T ar’
p ~ UC(ASsubI)W T T Lo ,
subl Tt + . ?—1 udcy(T',p)]dT
t
UC(ASsubI) Tt
= R InT T ’ ’ P ’ ’
+ TUC[S(T P 1dT + | ud »(T,p")]dp
P
Tt t t

~0.9% In—. (40) (43
Therefore, down to 130 K, we can estimate the relative un- U(Ag)=3-10"° m*kg~*(p—py
certainty by uJ psupd/Psupi=0.6%. This value is smaller T
than the usual experimental scatter, which is between 1% and +12 Jkg?! K‘l( TIn T -T+T,
10% of the sublimation pressure at low temperatures t
[Mauersberger and Krankowsk2003, Marti and Mauers- +2 Jkg 1K YT-TY
berger(1993].

+2-10°% m*kg Y(p—py. (44)
and Pressure terms is clearly dominating, which results from the uncer-

tainty of the ice density at high pressures. At given pressure,
Melting temperatures cannot be more accurate than thghe uncertainty in melting temperature becomes
triple point temperature, which is theoretically exact by defi-

nition, but in practice uncertain within about 0.04 mK due to U(AQ)=|Asped U Ter)

isotopic variations[Nicholas et al. (1996, White et al. Ah

(2003]. In the linear range of the melting curve, the experi- =‘ mell‘uc(Tmen)

mental uncertainty of the Clausius—Clapeyron slope of the Tmelt

melting curve at normal pressure, Eg1), gives rise to un- =2-10 m*kg X(p—py, (45)
certainties of the melting temperatures which are even

smaller than 0.04 mKTable 7. At higher pressures, about U Tmed =2-107° KPa *.p. (46)
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Particularly in the medium pressure range, this uncertainty iso be exact by definition. The deviation of experimental melt-
much smaller thani(T ) = 0.5 K given by Henderson and ing points at high pressures is about 50 mK; the uncertainty

Speedy(1987 for their data. of the present formulation is estimated as 2% of the melting
At a given temperature, this corresponds to the relativgpressure. The density of ice at the normal pressure melting
uncertainty of the melting pressure, point is 916.72 kgm?® with an estimated uncertainty of
U(AG)=|A Ve Usl Proer) 0.01%, in excellent agreement with the value computed by
c melt =ict Fmel Ginnings and Corruccini1947).

=2-10"% m*kg™ X(Pmer— Py (47) Density measurements of different authors deviate by up
to 0.3% in an apparently systematic manner. The hypotheti-

Uc( Pmety) — 20 (49  cal shallow density maximum at about 70 K is not reflected

Pmeit ' in this formulation, further investigation of this point seems

This value, derived here without explicitly considering in order for its decisive clarification, possibly in conjunction

any freezing point measurements, is in good agreemerWith an improved knowledge about the supposed phase tran-
with  U(Prmen)/Pre=3% reported by Wagneret al. sition to ice XI. The deviations in measured heat capacity at

(1994 the apparent transition point at about 100 K appear to be
systematic but do not rise above the average experimental
uncertainty threshold. Further work is apparently required to
resolve those deviations for being included into the theoret-
ical formulation. The heat capacitg, at high pressures

barely deviates from its low-pressure values; the differences

5. Conclusion

A new, compact analytical formulation for the Gibbs ther-
modynamic potential of ice Ih is presented. It is valid in e 0 .
temperature between 0 and 273.16 K and in pressure h&'e within the 2% uncertainty af; at normal pressure.

tween 0 and 210 MPa, thus covering the entire region of[ An extgnsmn of the §HbllmaF|ondCl:rve fto Iotwer tempek:a—t
stable existence in thd@-p diagram. Combining various urés and pressures will require data ol water vapor hea

properties into a single, consistent formula allows signifi-Capac't"c‘\S below 130 K which are not implemented in the

cantly reduced uncertainties for propertigsich as isother- cgrrent IA\F/’VWS—QS fo;m;latmg(.) The, dvalue ? 130 K'is
mal compressibility and thermal expansion coefficient about AR [Wagner and Pruf2002] and must decrease ex-

where the direct experimental measurements have relative@gnent'a”y to 1.R at 0 K due to successively vanishing

high uncertainty. Combined with the IAPWS-95 formulation ntributions from vibrational and rotational excitation states
of fluid water, accurate values for melting and sublimationOf the water moleculefl.andau and Lifschitz1966]. Points

points can be derived in a consistent manner, replacin f this curve, required for the computation of the chemical

former separate correlation functions. This method can di otentg of \::_Vgtzrv\(/apﬂr’ arleglgnown down teci value of
rectly be extended to other aqueous systems like seawaté!’@}bOUt at [Woolley (1980].

Thus, a Gibbs function of sea ice and the freezing points of Experimental data folr |c|e Ih_ a@ hlgghpressures_ _and low
seawater are made available up to 100 MPaistel and temperatures are completely missing. Phase transition curves

Wagner(2005, Feistelet al. (2005] in this region are only very vaguely known by now. Verify-
Five hundréd twenty tWo datr;l points of 32 different ing the current quantitative knowledge in those “white ar-

groups of measurements are reproduced by the new forml‘f—as“ of theT-p diagram remains a future task.
lation within their experimental uncertainty. The formulation
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are freely available as source code examples from the nu Specific Gibbs Energy
merical supplement of a web-published article by Feistel | 300
et al. (2009. ~ 5200 MPa.... 200
~ 150 MPa
2 - oons 100
- : 2 i 50 MPa
7. Appendix: Tables and Diagrams < <-7101325 Pa—0
of Thermodynamic Properties of Ice Ih 100
>y
of
. . . . .8 -200
The new formulation provides properties of ice lh which &
have previously been measured only partly, if at all. For an3 -300
overview, in this section the most important quantities de-< -400
rived from the potential function are provided as tables as' -500
well as displayed graphically as functions of temperature anc§~ 600
pressure. Given are the Gibbs enefg@gble 10, Fig. 9, the i
density (Table 11, Fig. 1 the specific entropyTable 12, 0 50 160 150 00 250 00 -700

Fig. 11), the specific isobaric heat capacitfable 13, Fig. Temperature T/K

12), the specific enthalpyTable 14, Fig. 18 the cubic ex-

pansion coefficientTable 15, Fig. 1% the pressure coeffi- FiG. 9_.lSpecific Qibbs energy(T,p) of ice, i.e., its chemical p_ote_ntial, in

. . - L kJ kg - as a function of temperature for several pressures as indicated at the
cient(Table _16, Fig. 15 land_the |sot.r_1er_mal compres§|b|l|ty curves. Values were computed from Eg).

(Table 17, Fig. 1B Sublimation equilibrium states exist for
arbitrarily small pressurep>0. The values reported in the
column “0 Pa” refer to ice properties in the mathematical
limit of an infinitely small pressurg. (Wagner and Pruf3 2002In such cases, the Gibbs function

Equilibria between ice and liquid water or water vapor of ice must be evaluated using the IAPWS-95 version of the

require equal chemical potentials of water between thoseesidual entropy coefficiens, (Table 2. Therefore, the
phases, which are available from the IAPWS-95 Gibbs entAPWS-95 reference state with vanishing entropy and inter-
ergy of pure waterg-(T,p), and of water vaporg"(T,p) nal energy of liquid water at the triple point, E(), was

TasLE 10. Specific Gibbs energg(T,p), Eq. (1), in kJ kg *

Pressure
Temp.
(K) 0 Pa 101 325 Pa 50 MPa 100 MPa 150 MPa 200 MPa
0 —-632.129 —632.020 —578.708 —525.530 —472.583 —419.860
10 —598.865 —598.757 —545.445 —492.266 —439.320 —386.596
20 —565.778 —565.670 —512.357 —459.179 —406.233 —353.509
30 —533.227 —533.119 —479.806 —426.628 —373.681 —320.957
40 —501.435 —501.326 —448.013 —394.834 —341.886 —289.162
50 —470.483 —470.375 —417.060 —363.879 —310.930 —258.205
60 —440.405 —440.297 —386.979 —333.796 —280.845 —228.117
70 —411.214 —411.106 —357.783 —304.595 —251.641 —198.909
80 —382.914 —382.805 —329.476 —276.282 —223.321 —170.584
90 —355.503 —355.394 —302.055 —248.851 —195.882 —143.137
100 —328.974 —328.866 —275.513 —222.297 —169.316 —116.561
110 —303.320 —303.212 —249.841 —196.608 —143.613 —90.845
120 —278.529 —278.420 —225.027 —171.774 —118.760 —65.975
130 —254.589 —254.480 —201.060 —147.783 —94.746 —41.940
140 —231.488 —231.379 —177.928 —124.621 —71.557 —18.728
150 —209.215 —209.106 —155.618 —102.278 —49.183 3.675
160 —187.759 —187.650 —134.121 —80.743 —27.613 25.277
170 —-167.112 —167.003 —113.428 —60.007 —6.839 46.087
180 —147.266 —147.157 —93.532 —40.064 13.148 66.113
190 —128.214 —128.105 —74.425 —20.907 32.352 85.359
200 —109.951 —109.842 —56.103 —2.530 50.778 103.832
210 —92.472 —92.363 —38.562 15.070 68.432 121.535
220 —75.774 —75.664 —21.797 31.896 85.316 138.472
230 —59.853 —59.743 —5.806 47.952 101.432 154.643
240 —44.706 —44.596 9.413 63.240 116.783 170.053
250 —30.333 —30.222 23.863 77.761 131.371 184.702
260 —16.730 —16.619 37.546 91.518 — —
270 —3.896 —3.785 — — — —
273 —0.195 —0.085 — — — —
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TaBLE 11. Density,o(T,p), Eq.(4), in kgm 3

Pressure
Temp.
(K) 0 Pa 101 325 Pa 50 MPa 100 MPa 150 MPa 200 MPa
0 933.79 933.80 938.13 942.32 946.37 950.29
10 933.79 933.80 938.13 942.32 946.37 950.29
20 933.79 933.79 938.12 942.32 946.37 950.29
30 933.78 933.79 938.12 942.31 946.36 950.28
40 933.77 933.78 938.11 942.30 946.35 950.27
50 933.74 933.75 938.08 942.28 946.33 950.25
60 933.69 933.69 938.03 942.23 946.29 950.22
70 933.60 933.61 937.95 942.16 946.22 950.16
80 933.47 933.48 937.83 942.05 946.12 950.07
90 933.29 933.30 937.66 941.89 945.98 949.94
100 933.04 933.05 937.43 941.68 945.79 949.76
110 932.72 932.73 937.13 941.40 945.53 949.53
120 932.32 932.33 936.76 941.06 945.22 949.24
130 931.83 931.84 936.31 940.64 944.83 948.89
140 931.26 931.27 935.77 940.14 944.37 948.48
150 930.61 930.61 935.16 939.57 943.85 948.00
160 929.86 929.87 934.46 938.93 943.25 947.45
170 929.04 929.05 933.69 938.21 942.59 946.84
180 928.14 928.15 932.85 937.42 941.86 946.17
190 927.17 927.18 931.93 936.56 941.06 945.44
200 926.12 926.13 930.95 935.64 940.21 944.65
210 925.01 925.02 929.90 934.66 939.30 943.81
220 923.84 923.85 928.80 933.63 938.33 942.91
230 922.61 922.62 927.63 932.53 937.31 941.97
240 921.32 921.33 926.42 931.39 936.24 940.98
250 919.99 920.00 925.15 930.20 935.12 939.94
260 918.60 918.61 923.84 928.96 — —
270 917.17 917.18 — — — —
273 916.73 916.74 — — — —

used for all computations in this Appendix. A list of proper-  In the following tables, figures are reported with several
ties at the triple point and at the normal pressure meltingligits, not strictly dependent on the experimental uncertainty
point is given in Table 18. Properties along the melting curveof the particular quantity. In many cases, as for several prop-
are reported in Table 19, along the sublimation curve inerties at higher pressures, this uncertainty is simply un-

Table 20. known. Sometimes, differences between given figures may
The exact locations of possible phase transition lines behave smaller uncertainties than the reported absolute values
tween ice lh and ices Il, Ill, IX, or XI are still relatively themselves. Summaries of uncertainties are provided in
uncertain[see e.g. Lobbaaet al. (1998] and not considered Tables 5 and 7. The many digits given in Table 18 are in-
in the graphs and tables below. tended for use as numerical check values.
a) Density (Isobars) b) Density (Isotherms) ) Density (Isochors)
955 — 955 950948 94679447942 kg m* 77220
0% 100k e 940 kg m. 200
950 150 K'}950 [
T BSK 938 kg 180
945 g i %gg % + 945 936kgm? . 160
“TE\ 200 ME e L oso :E\ /////// 350K gg0 g 934 kg m? o
b =]
\&: \ % ///?j/// S 932kgm] 120
- 150 Mpa 935 = 935 g ) 930 kgm
g‘ \\ 0 g /?/// %260 K N g 928 kg I 100
g ™ g o P 926 kg m>--~[ 80
£ IOOI\/EIPa s g L o= s & o‘;.;:.sm__w
50 MPa L 922kgm?.. |
i 920 Sk 920 920 kg m? o
: A 20
01325Pa | o5 9l8kgm® |
0 0 100 150 200 250 300 . 0 40 60 80 100 120 140 160 180 200 220 0 50 100 150 200 250 300 N
Temperature 7/K Pressure p/MPa Temperature 7/K

Fic. 10. Densityp(T,p) in kg m 2 as a function of temperature for several pressures as indicated at the isobars ifepaseh function of pressure for
several temperatures as indicated at the isotherms, g@neind isochors as functions of pressure and temperature, belonging to densities as indicated at the
curves, panelc). Values were computed from E).
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TasLE 12. Specific entropys(T,p), Eq.(5), in Jkg 1K1

Temp Pressure
(K) 0 Pa 101 325 Pa 50 MPa 100 MPa 150 MPa 200 MPa
0 —3327.34 —3327.34 —3327.34 —3327.34 —3327.34 —3327.34
10 —3323.00 —3323.00 —3323.00 —3323.01 —3323.01 —3323.01
20 —3287.38 —3287.38 —3287.39 —3287.41 —3287.42 —3287.43
30 —3219.29 —3219.29 —3219.34 —3219.38 —3219.42 —3219.46
40 —3138.01 —3138.01 —3138.12 —3138.22 —3138.31 —3138.39
50 —3051.81 —3051.81 —3052.02 —3052.22 —3052.39 —3052.55
60 —2963.58 —2963.58 —2963.95 —2964.29 —2964.59 —2964.87
70 —2874.58 —2874.58 —2875.16 —2875.69 —2876.17 —2876.60
80 —2785.50 —2785.51 —2786.35 —2787.13 —2787.84 —2788.48
90 —2696.84 —2696.85 —2698.02 —2699.11 —2700.09 —2700.98
100 —2608.95 —2608.96 —2610.52 —2611.95 —2613.26 —2614.44
110 —2522.08 —2522.08 —2524.07 —2525.90 —2527.57 —2529.08
120 —2436.37 —2436.37 —2438.81 —2441.07 —2443.13 —2444.,99
130 —2351.86 —2351.87 —2354.78 —2357.48 —2359.95 —2362.19
140 —2268.53 —2268.53 —2271.93 —2275.08 —2277.96 —2280.58
150 —2186.28 —2186.28 —2190.17 —2193.76 —2197.06 —2200.06
160 —2104.99 —2105.00 —2109.35 —2113.39 —2117.09 —2120.47
170 —2024.54 —2024.55 —2029.36 —2033.82 —2037.93 —2041.68
180 —1944.81 —1944.82 —1950.06 —1954.93 —1959.42 —1963.53
190 —1865.67 —1865.68 —1871.34 —1876.61 —1881.47 —1885.92
200 —1787.03 —1787.04 —1793.10 —1798.74 —1803.96 —1808.74
210 —1708.81 —1708.82 —1715.26 —1721.26 —1726.81 —1731.91
220 —1630.93 —1630.94 —1637.74 —1644.08 —1649.95 —1655.36
230 —1553.33 —1553.34 —1560.48 —1567.15 —1573.34 —1579.04
240 —1475.97 —1475.99 —1483.45 —1490.43 —1496.91 —1502.89
250 —1398.81 —1398.83 —1406.60 —1413.87 —1420.64 —1426.89
260 —1321.81 —1321.83 —1329.90 —1337.46 — —
270 —1244.96 —1244.97 — — — —
273 —1221.92 —1221.94 — — — —
a) Specific Entropy at 101325 Pa 0 b) Relative Specific Entropy 10
_ -500 i 5
g ¥ 0
= -1000 z —— .
e, .
=7 - -1500 4  T— 50MPa
“ ? -10
§ -2000 E 100 Mpa -15
£ Q ; 20
§ 22500 2 150 MPa 2
S 3000 & * %
i - P 200 MPa 30
- -3500 é 35
4000 -40

50

100 150 200 250
Temperature 7/K

100 150 200 250 300
Temperature 7/K

Fic. 11. Specific entropg(T,po) in J kg 1 K~! at normal pressure, pan@), and relative to normal pressures=s(T,p)—s(T,p,), panel(b), for several
pressurep as indicated at the curves. Values were computed from(&q.
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TasLE 13. Specific isobaric heat capacity(T,p), Eq. (6), in Jkg *K™?

Pressure
Temp.

(K) 0 Pa 101 325 Pa 50 MPa 100 MPa 150 MPa 200 MPa
0 0.00 0.00 0.00 0.00 0.00 0.00
10 14.80 14.80 14.79 14.79 14.79 14.78
20 111.43 111.43 111.39 111.35 111.32 111.29
30 230.66 230.66 230.52 230.4 230.28 230.18
40 337.89 337.89 337.56 337.26 336.98 336.74
50 437.49 437.49 436.85 436.27 435.73 435.26
60 532.56 532.56 531.47 530.47 529.56 528.74
70 623.92 623.92 622.24 620.69 619.28 618.02
80 711.48 711.48 709.08 706.87 704.85 703.03
90 794.94 794.93 791.72 788.75 786.05 783.59
100 874.15 874.14 870.08 866.33 862.90 859.78
110 949.39 949.38 944.50 939.98 935.83 932.05
120 1021.31 1021.30 1015.68 1010.46 1005.65 1001.26
130 1090.81 1090.80 1084.55 1078.73 1073.35 1068.43
140 1158.84 1158.82 1152.06 1145.76 1139.92 1134.56
150 1226.20 1226.18 1219.04 1212.37 1206.17 1200.45
160 1293.52 1293.51 1286.10 1279.15 1272.69 1266.70
170 1361.23 1361.21 1353.62 1346.49 1339.83 1333.65
180 1429.54 1429.53 1421.84 1414.59 1407.80 1401.47
190 1498.58 1498.57 1490.83 1483.51 1476.63 1470.20
200 1568.37 1568.35 1560.60 1553.25 1546.33 1539.83
210 1638.88 1638.86 1631.12 1623.77 1616.82 1610.27
220 1710.04 1710.03 1702.33 1694.99 1688.03 1681.45
230 1781.81 1781.79 1774.13 1766.82 1759.86 1753.26
240 1854.09 1854.08 1846.48 1839.19 1832.24 1825.63
250 1926.85 1926.83 1919.28 1912.03 1905.09 1898.46

260 2000.00 1999.98 1992.49 1985.27 — —
270 2073.49 2073.48 — — — —
273 2095.60 2095.59 — — — —
a) Specific Isobaric Heat Capacity at 101325 Pa - b) Relative Specific Isobaric Heat Capacity
2400 E.A 10
~ 200 %, 5
ML 2000 =
2 1800 \g“ \ 0
< 1600 0P -3
© 1400 & | -10
%’ 1200 & 100 MPa——-—---| .15
g 1000 o
9: 800 _~§ """""" L 1150 MPa 20
S 1600 2 : 25
S 400 3 S~ 200MPa
i 200 2 -30
& 0 E 33
= :
° — -40
0 50 100 150 200 250 0 50 100 150 200 250 300

Temperature 7/K

Temperature 7/K

Fic. 12. Specific isobaric heat capacity(T,po) in J kg ' K~! at normal pressure, pan@), and relative to normal pressurc,=c,(T,p) —cp(T,po),
panel(b), for several pressurgs as indicated at the curves. Values were computed from(@q.

J. Phys. Chem. Ref. Data, Vol. 35, No. 2, 2006



EQUATION OF STATE FOR H,O ICE IH 1043

TaBLE 14. Specific enthalpyh(T,p), Eq.(7), in kI kg™? TaBLE 15. Cubic expansion coefficient(T,p), Eq.(10), in 10 ¢ K1
Pressure Pressure
Temp. Temp.
(KY OPa 101325Pa 50 MPa 100 MPa 150 MPa 200 MPa (K) ~ 0OPa 101325Pa 50 MPa 100 MPa 150 MPa 200 MPa
0 —632.129 —632.020 —578.708 — 525.530 — 472.583 — 419.860 10 0.00 0.00 0.00 0.00 0.00 o.og
10 —632.095 —631.987 —578.675 — 525.496 — 472.550 — 419.826 28 g-g? 8-2? 8-22 8-22 8-28 8-(1)8
20 —631.526 —631.417 —578.105 —524.927 — 471.981 — 419.257 30 0.91 0.91 0.83 0.76 0.69 0.62
30 —629.806 —629.698 —576.387 —523.209 — 470.264 — 417.541 0 215 215 1.98 181 164 1.46
40 —626.955 —626.846 —573.538 —520.362 —467.419 —414.697 50 4.19 4.18 3.86 3.53 3.20 2.86
50 —623.073 —622.965 —569.661 —516.490 — 463.550 — 410.832 60 7.19 7.19 6.64 6.07 5.51 4.93
60 —618.220 —618.111 —564.816 —511.653 — 458.720 — 406.009 70 11.29 11.29 10.43 9.55 8.67 7.78
70 —612.434 —612.326 —559.044 — 505.894 — 452.973 — 400.271 80  16.55 16.55 15.30  14.03 12.75 11.46
80 —605.754 —605.646 —552.384 —499.252 — 446.348 — 393.663 90 2294 22.94 21.23 19.49 17.74 15.96

90 —598.219 —598.110 —544.877 —491.771 -438.890 —386.226 ~ 100 ~ 30.36  30.36 2812 2585 2356 2124
100 —589.870 —589.761 —536.564 — 483.492 —430.642 —378.005 ~ 110 3861 3861 3580 3295 3007  27.16
110 —580.749 —580.641 —527.488 — 474.457 — 421.645-360.043 120 47464745 44.05 4060 3r.dl 3358
: : : : : : 130  56.64  56.63 52.63 4857 4447  40.32
120 —570.893 —570.785 —517.685—464.703—-411.936-359.375 140 6593  65.93 6134 5668 5198 4722
130 —560.331 —560.223 —507.182 —454.255 —401.539 — 349.025 150 75.15 75.14 69.99 64.76 59.48 54.14
140 —549.082 —548.974 —495.998 —443.132 —390.472 — 338.009 160 84.13 84.12 78.45 72.69 66.87 60.98
150 —537.156 —537.048 —484.143 —431.341 -378.742-326.334 170  92.80  92.79 86.63  80.38 7405  67.66
160 —524.558 —524.450 —471.617 —418.884 —366.348 -313.999 180 101.08  101.07 9447  87.77 8099 7413
170 —511.284 —511.177 —458.419 —405.757 — 353.286 — 300.998 190 10896 10895  101.95  94.84 87.65 80.37
180 —497.331 —497.224 — 444543 -391.952 -339.549 —287.323 ~ 200 11642 11641 ~ 109.05 101.58 9402  86.36
190 —482.691 —482.584 —429.980 —377.462 —325.127 —272.966 ~ 20 12348 12346 11578  107.99 10010 9211
200 —467.357 —467.250 —414.723 ~362.279~310.013-257.916 20 13014 13012 12216 114.08 = 10590  97.61
: : : : : : 230 13643 13641 12821  119.87 11143  102.88
220 —434.577 —434.471 —382.099 —329.801 —277.674 —225.708 250 147.98 147.96 139.36 130.61 121.75 112.77
230 —417.118 —417.012 —364.717 —312.493 - 260.435-208.535 260 153.29 15328 14451 13560  — —
240 —398.939 —398.833 —346.614 —294.463 —242.475-190.641 270 158.33  158.31 — — — —
250 —380.035 —379.929 —327.786 —275.707 —223.789-172.021 273 159.79  159.77 — — — —
260 —360.401 —360.295 —308.227 —256.221  —
270 —340.034 —339.928 — — — —
273 —333.780 —333.675 — — — —

Specific Enthalpy
0 Cubic Expansion Coefficient 80
-~ 00 g 101325 Pa- 160
) 200 MPa S 100 MPa~— 140
200 < a
= 150 MPa =
2 o 3 150 MPa 120
< - g 200 MPa
50 MPa -300 g 100
> 101325 Pa 3
£ -400 9 80
=
% L_.—// / / Lg) 6
% = -500 g w0
(= [
Gl mm— e -600 & 20
] Q
£ et 0
<700 5
0 50 100 150 200 250 300
Temperature 7/K 0 50 100 150 200 250 300

Temperature T/K
Fic. 13. Specific enthalpy(T,p) in kJ kg ! as a function of temperature
for several pressures as indicated at the curves. Values were computed frdfe. 14. Cubic expansion coefficiest(T,p) in 108 K~ for several pres-
Eq. (7). sures as indicated at the curves. Values were computed frorL&qg.
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TaBLE 16. Pressure coefficieng(T,p), Eq.(11), in kPa Kt TaBLE 17. Isothermal compressibility(T,p), Eq.(12), in TPa !
Pressure Pressure
Temp. Temp.

(K) 0Pa 101325Pa 50MPa 100 MPa 150 MPa 200 MPa (K) 0Pa 101325Pa 50 MPa 100 MPa 150 MPa 200 MPa

0 0.0 0.0 0.0 0.0 0.0 0.0 0 94.54 94.53 90.91 87.46 84.18 81.09
10 0.4 0.4 0.3 0.3 0.3 0.3 10 94.54 94.53 90.91 87.46 84.18 81.09
20 2.8 2.8 2.7 2.6 2.4 2.2 20 94.54 94.53 90.91 87.46 84.18 81.09
30 9.6 9.6 9.2 8.7 8.2 7.6 30 94.55 94.54 90.92 87.47 84.19 81.10
40 22.7 22.7 21.8 20.7 19.4 18.0 40 94.57 94.57 90.95 87.49 84.22 81.13
50 442 44.2 42.4 40.3 38.0 35.3 50 94.62 94.61 90.99 87.54 84.27 81.18
60 75.9 75.9 72.8 69.3 65.3 60.7 60 94.71 94.70 91.08 87.63 84.36 81.27
70 119.0 119.0 114.3 108.8 102.6 95.6 70 94.85 94.84 91.22 87.77 84.50 81.41
80 174.1 174.1 167.3 1594 150.5 140.3 80 95.06 95.05 91.43 87.99 84.72 81.63

90 240.6 240.6 231.4 220.8 208.6 194.8 90 95.35 95.34 91.73 88.29 85.02 81.94
100 317.1 317.1 305.2 291.5 275.7 257.9 100 95.74 95.73 92.13 88.69 85.43 82.35
110 401.2 401.2 386.4 369.4 349.9 327.8 110 96.24 96.24 92.64 89.20 85.95 82.87
120 489.9 489.9 472.3 451.9 428.6 402.1 120 96.86 96.85 93.26 89.83 86.59 83.52

130 580.3 580.3 559.8 536.2 509.1 478.3 130 97.60 97.59 94.01 90.59 87.35 84.29
140 669.7 669.6 646.5 619.7 589.1 554.3 140 98.46 98.45 94.88 91.47 88.24 85.19
150 755.8 755.8 730.1 700.5 666.5 628.1 150 99.43 99.42 95.86 92.46 89.24 86.20

160 837.1 837.1 809.2 776.9 740.0 698.3 160 100.50 100.50 96.95 93.57 90.36 87.33
170 912.6 912.6 882.7 848.1 808.6 763.9 170 101.68 101.67 98.14 94.77 91.58 88.57
180 981.8 981.8 950.1 913.5 871.8 824.6 180 102.95 102.95 99.43 96.08 92.90 89.90
190 1044.6 1044.6 1011.3 973.0 929.4 880.1 190 104.31 104.30 100.80 97.47 94.31 91.32
200 11011 1101.0 1066.5 1026.7 981.5 930.4 200 105.74 105.73 102.25 98.93 95.79 92.82
210 11515 1151.4 1115.8 1074.8 1028.3 975.7 210 107.23 107.23 103.77 100.47 97.35 94.40
220 1196.2 1196.2 1159.6 1117.7 1070.0 1016.4 220 108.79 108.78 105.35 102.07 98.96 96.04
230 1235.8 1235.7 1198.4 1155.7 1107.2 1052.7 230 110.40 110.39 106.98 103.72 100.64 97.73
240 12705 1270.4 1232.6 1189.2 1140.1 1085.0 240 112.05 112.05 108.66 105.42 102.36 99.47
250 1301.0 1300.9 1262.6 1218.8 1169.2 1113.6 250 113.75 113.74 110.38 107.17 104.13 101.26
260 13275 1327.4 1288.8 12447 — — 260 115.48 115.47 112.13 108.94 — —

270 13505  1350.5 — — — — 270 117.23  117.23 — — — —
273  1356.8  1356.7 — — — — 273 117.77  117.76 — — — —
Pressure Coefficient Isothermal Compressibility
: 120
10132‘51}36--1\-;}1; --------------- L 1400 = 101325 Pa
a : 115
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» 150 MPa 1200 5 i
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=} gu 95
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Fic. 15. Pressure coefficier®(T,p) in kPaK ! for several pressures as Fic. 16. Isothermal compressibility;(T,p) in 10° MPa* for several pres-
indicated at the curves. Values were computed from(Eg). sures as indicated at the curves. Values were computed frorfLBqg.
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TaBLE 18. Properties at the triple point and the normal pressure melting point, usable as numerical check values. The numerical functions evaluated here at

EQUATION OF STATE FOR H,O ICE IH

given points T,p) are defined in Eg(l) and Tables 3 and 4

1045

Quantity Value atTy, py Value atTeip,: Po Unit
p 611.657 101 325 Pa
T 273.16 273.152519 K
g 0.611 670 524 101.342 627 076 JKg
(99/9p)+ 1.090 858 127 366 4E03 1.090 843 882 143 11E03 nt kg™t
(99/dT), 1220.694 339 396 87 1220.769 325 496 96 kgt
(929l 9p?) 1 —1.284 959 415 714 94E13 —1.284 853 649 284 55E13 nfkg tPal
529/ apaT 1.743 879 646 995 98E07 1.743 622 199 721 59E07 kg 1K1
(6%919T?), —7.676 029 858 750 67 —7.675982 333 647 98 Jkg K2
h —333444.254 079 125 —333354.873 750 348 JKg
f —0.055 560 486 077 8842 —9.187 129 281 834 95 JKkg
u —333444.921 310135 —333465.403 506 706 JKg
Cp 2096.784 316 216 33 2096.713 910 235 44 Jkig~*
p 916.709 492 199 729 916.721 463 419 096 kg'm
@ 1.598 631 025 655 13E04 1.598 415 894 578 8E04 K1t
B 1357 147.646 585 94 1357 058.993 211 01 PaK
KT 1.177 934 493 477 31E10 1.177 852917 651 5E10 Pat
Ks 1.141 615 977 786 3E10 1.141 544 425 564 98E10 Patl

TasLE 19. Properties on the melting curve. Differences of specific volumes and enthalpies between liquid water and ice are defipger as— v and
Ahpe=ht—h. The corresponding differences akg=g"—g=0 in specific Gibbs energy and therefakg,e=S"—s=Ah/T in specific entropy

T p v Avpen h Ahpmen g S

(K) (MP3) (ecmPkg™) (ecmPkg™h) (kdkg'™h (kdkg™h) (kIkg™) (Jkg T K™
273.16 0.0006 1090.86 —90.65 —333.444 333.446 0.001 —1220.69
273.152519 0.1013 1090.84 ~90.69 —333.355 333.427 0.101 —1220.77
273 2.1453 1090.55 -91.43 —331.542 333.051 2.144 —1222.30
272 15.1355 1088.73 -96.01 —320.088 330518 15.072 ~1232.20
271 27.4942 1087.00 ~100.19 —309.291 327.883 27.279 —1241.96
270 39.3133 1085.35 ~104.05 —299.056 325.167 38.870 ~1251.58
269 50.6633 1083.78 ~107.63 —289.307 322.385 49.924 —1261.08
268 61.5996 1082.28 ~110.97 —279.986 319.551 60.502 ~1270.48
267 72.1668 1080.84 —114.09 —271.046 316.677 70.656 —~1279.78
266 82.4018 1079.45 ~117.03 —262.448 313.770 80.427 —1289.00
265 92.3352 1078.12 ~119.80 —254.159 310.842 89.849 —1298.15
264 101.9928 1076.82 —122.41 —246.153 307.898 98.953 —1307.22
263 111.3970 1075.57 ~124.89 —238.405 304.947 107.761 ~1316.22
262 120.5669 1074.36 —127.24 —230.896 301.995 116.298 —-1325.17
261 129.5195 1073.18 —129.48 —223.607 299.049 124.582 —1334.05
260 138.2699 1072.04 —131.61 —216.522 296.116 132.629 —1342.89
259 146.8313 1070.93 ~133.64 —209.629 293.201 140.455 —1351.67
258 155.2158 1069.85 ~13557 —202.913 290.313 148.074 —1360.41
257 163.4344 1068.79 —137.42 —196.363 287.456 155.497 —1369.11
256 171.4972 1067.76 ~139.19 —189.969 284.637 162.737 ~1377.76
255 179.4135 1066.76 —140.88 -183.721 281.864 169.804 —1386.37
254 187.1919 1065.78 —142.50 —177.609 279.142 176.707 ~1394.95
253 194.8407 1064.82 —144.04 —171.626 276.479 183.456 —1403.49
252 202.3675 1063.89 ~145.53 —165.763 273.882 190.059 —1411.99
251 209.7797 1062.97 ~146.94 ~160.012 271.358 196.526 —1420.47
250 217.0846 1062.07 —148.30 —154.366 268.915 202.862 —1428.91
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TasLE 20. Properties on the sublimation curve. Differences of specific volumes and enthalpies between water vapor and ice areMdefiged/4s v and
Ahgu=h"V—h. The corresponding differences akg=g"—g=0 in specific Gibbs energy and therefakg,,,=s"—s=Ahg,,/T in specific entropy

T p v Avgyp h Ahgyp g S
(K) (Pa (emPkg™) (cm’kg™) (kIkg ™) (kIkg™) (kIkg ™) (Jkg tK™h
273.16 611.66 1090.86 2.0599108 —333.444 2834.359 +0.001 —1220.69
270 470.06 1090.31 2.649#08 —340.033 2835.166 —3.895 —1244.96
265 305.91 1089.45 3.996588 —350.309 2836.269 —10.216 —1283.37
260 195.80 1088.61 6.126708 —360.401 2837.165 —16.729 —1321.81
255 123.14 1087.79 9.555288 —370.309 2837.860 —23.435 —1360.29
250 76.016 1086.97 1.5176809 —380.035 2838.358 —30.332 —1398.81
245 46.008 1086.18 2.457409 —389.578 2838.664 —37.423 —1437.37
240 27.269 1085.40 4.061709 —398.939 2838.781 —44.706 —1475.97
235 15.806 1084.63 6.861389 —408.119 2838.710 —52.183 —1514.62
230 8.9479 1083.88 1.1863EL0 —417.118 2838.456 —59.853 —1553.33
225 4.9393 1083.15 2.1023E0 —425.938 2838.020 —67.716 —1592.10
220 2.6542 1082.44 3.8254E10 —434.577 2837.403 —75.774 —1630.93
215 1.3859 1081.74 7.1598E10 —443.038 2836.607 —84.026 —1669.83
210 7.0172E-01 1081.07 1.3811E11 —451.321 2835.633 —92.472 —1708.81
205 3.4381E 01 1080.41 2.7519E11 —459.427 2834.483 —101.114 —1747.87
200 1.6260E- 01 1079.77 5.6769E11 —467.357 2833.157 —109.951 —1787.03
195 7.4028E-02 1079.15 1.2157€12 —475.111 2831.656 —118.984 —1826.29
190 3.2352E-02 1078.56 2.7104E12 —482.691 2829.982 —128.214 —1865.67
185 1.3527E- 02 1077.98 6.3117€12 —490.097 2828.135 —137.641 —1905.17
180 5.3921E 03 1077.42 1.5406E13 —497.331 2826.117 —147.266 —1944.81
175 2.0408E- 03 1076.89 3.9576E13 —504.393 2823.927 —157.089 —1984.59
170 7.3007E 04 1076.38 1.0747E14 —511.284 2821.567 —167.112 —2024.54
165 2.4564E 04 1075.89 3.1001E14 —518.006 2819.038 —177.335 —2064.67
160 7.7289E- 05 1075.43 9.5541E14 —524.558 2816.340 —187.759 —2104.99
155 2.2598E- 05 1074.99 3.1655E 15 —530.941 2813.474 —198.385 —2145.52
150 6.0957E- 06 1074.57 1.1357E16 —537.156 2810.441 —209.215 —2186.28
145 1.5045E-06 1074.18 4.4479E16 —543.203 2807.239 —220.249 —2227.27
140 3.3662E-07 1073.81 1.9194E17 —549.082 2803.870 —231.488 —2268.53
135 6.7542E-08 1073.47 9.2246E17 —554.791 2800.332 —242.934 —2310.05
130 1.2004E- 08 1073.15 4.9982E18 -560.331 2796.624 —254.589 —2351.86
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