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An approximate neutral density variable for the world oeansAbstratTransport of heat, salt and other traers in the oean ours prinipally along neutralsurfaes. Due to the signi�ant di�erenes in mixing intensities between the exhangesthat our along and those that our through these surfaes, it is ruial to be able toaurately determine neutral surfaes in order to desribe �ows inside the oean. Beauseneutral surfaes are not mathematially well de�ned, several density variables have beenintrodued in order to approximate them. Potential density referened to 2000 db is typi-ally used in oeans models beause it is fast ompute. However, the results are lose tobeing neutral only around the referene pressure. The two Neutral Density funtions γnand γi urrently provide the best approximation of neutral surfaes unfortunately theyare not pratial solutions for use in oean models beause they are very omputationallyintensive. Hene, this projet aims to build an approximate form of Neutral Density, γGP ,whih is designed to replae the urrent variable σ2 in oean models. The world's oeanswere deomposed into segments that overed eah of the major oeani basins. This al-lowed for aurate polynomial funtions, γpoly, to be �tted to a γi labelled version of theWOCE limatology. The global polynomial γGP is a result of ombining eah of the γpolyfuntions. The polynomials have been built in terms of Pratial Salinity SP and potentialtemperature θ to be able be applied in urrent oean models. The use of an approximatedensity surfae introdues a �titious diapynal di�usivity (through the surfae), Df . Ifit is larger than 10−5m2.s−1, the error is signi�ant desribing neutral surfaes. Then,the γpoly polynomials give 30% of improvement ompared to σ2 in the amount of �titiousdyapinal di�usivity on the Southern Oean and a least 40% on the other oean basins.Performed on a snapshot of the oean model MOM4, the global polynomial γGP has a
45% redution in Df greater than 10−5m2.s−1, when ompared with those from σ2.KeywordsPhysial oeanography, oeani irulation, mixing, neutral surfaes, potential density,neutral density
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An approximate neutral density variable for the world oeansRésuméLes transports de haleur, sel et autres traeurs dans l'oéan se produisent prinipalementle long des surfaes neutres. Du fait de di�érenes signi�atives au niveau de l'intensitédes mélanges entre les éhanges à travers et le long de es surfaes, il est apital d'êtreapable de déterminer préisément es surfaes neutres a�n de dérire les éoulements ausein de l'oéan. Comme il a été démontré que les surfaes neutres ne peuvent pas êtreorretement dé�nies mathématiquement, des variables de densité ont été introduites a�nde les approximer. La densité potentielle référenée à une pression de 2000 db, σ2, esthabituellement utilisée dans les modélisations numériques oéaniques ar elle est rapide àaluler. Cependant, les résultats ne sont prohes d'être "neutre" seulement aux alentoursde la pression de référene. Les deux fontions γn and γi de Densité Neutre fournissentatuellement les meilleurs approximations des surfaes neutres, malheureusement, elles nesont pas utilisables en pratique dans les modèles oéaniques ar elles requiert un tempsde alul trop important. Ce projet a don pour but d'élaborer une forme approhée deDensité Neutre, γGP , onçue de façon à pouvoir remplaer la variable atuelle σ2 dans lessimulations oéaniques. Les oéans du monde ont été déomposés en di�érentes partiesassimilées aux prinipaux bassins oéaniques sur lesquels des fontions polynomiales, γpoly,ont pu être onstruites a�n d'interpoler γi sur la limatologie WOCE. Le polyn�me global
γGP est le résultat de la reombinaison des fontions γpoly. Les polyn�mes ont été élaborésomme fontion de Salinité Pratique SP et température potentielle θ a�n d'être employésdans les modèles oéaniques atuels. L'utilisation de surfaes approhées introduit unedi�usivité diapynale �tive (à travers la surfae), Df . Si ette valeur est supérieure
10−5m2.s−1, l'erreur n'est plus négligeable lors de la desription des surfaes neutres. Lespolyn�mes γpoly montrent une amélioration de 30% en omparaison ave σ2 en matièrede di�usivité diapynale �tive pour l'Oéan Austral et d'au moins 40% pour les autresbassins oéaniques. Appliqué sur un lihé du modèle oéanique MOM4, le polyn�meglobal γGP montre une rédution de 45% de Df supérieur à 10−5m2.s−1 par rapport àelle introduite par l'usage de σ2.Mots-lésOéanographie physique, irulation oéanique, mélanges, surfaes neutres, densité po-tentielle, densité neutre.
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An approximate neutral density variable for the world oeans
IntrodutionThe oean is a strati�ed �uid medium whose thermodynami properties are desribedby the equation of state of seawater. Strati�ation has an important role beause itontrols muh of the �ow in the oean. Gradients in salinity and temperature generatethe main oeani irulation, alled the thermohaline irulation. Sine the beginning ofthe oeanographi siene, it was notied that the main �ow is almost two-dimensionaland ours along spei� surfaes due to the strati�ation. The mixing intensities betweenthe exhanges that take plae along these surfaes are a fator of eight orders of magnitudelarger than those that our through these surfaes. Thus, the ability to aurately de�nethe surfaes where the strong exhange ours in the oean is ruial. However, thishas proven to be a long and elusive problem. Historially, the �rst approximation wasisobari surfaes, i.e. surfaes of onstant pressure, it was notied that there were too manydi�erenes for this type of surfae to be onsidered an aurate desription. Wüst [1933℄and Montgomery [1938℄ introdued the notion of potential density in order to ounteratthe e�et of ompressibility and better haraterize the planes where the strong mixingours. The terms, ommonly used in oeanography, of �isopynal� and �diapynal� wereintrodued to desribe the �ow along and through a density surfae (Figure 1). Reid andLynn [1971℄ used then the onept of pathed potential density surfaes in an attemptto be more aurate, unfortunately this kind of surfae has disontinuous properties withrespet to height.The investigation to obtain the orret desription of the surfaes along whih thestrong mixing our led to a milestone in oeanography with the mathematial de�nitionof neutral surfaes or neutral tangent planes [MDougall, 1987a℄. MDougall [1987a℄ alsodemonstrated that these surfaes annot be onstruted beause of the non-linearity's ofthe equation of state of seawater. Neutral Density [Jakett and MDougall, 1997℄ wasintrodued to form approximations of neutral surfaes, and this proved to have good a-uray. The use of a surfae whih does not oinide exatly with the neutral tangentplane introdues a false diapynal exhange through the approximate surfae. This anbe evaluated by the use of �titious diapynal di�usivity whih is related to the slopesdi�erene between an approximate neutral surfae and the neutral tangent plane. Con-sequently, the outputs of oean models are strongly dependent on the kind of surfaeused. The typial variable used in models is potential density referened to 2000 db, σ2.It is lose of being neutral only around its referened pressure, that is at 2000 db, andintrodues unaeptable levels of false diapynal exhanges at other pressures. Its om-putation is based on polynomials and it is fast to ompute inside oean models. However,the alulation of Neutral Density is based on a proess that minimises the errors andrequires several iterations. Although, it gives results that are lose of being neutral, it istoo time onsuming to be omputed in oean models whih run for millions of time steps.Guillaume Sérazin TFE 2011 7
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Figure 1: Flow between two density surfaes. "Isopynal" and "diapynal" desribes the�ow along and through a density surfae respetively.In order to improve the auray of oean models, a density variable is needed thatan be omputed in a short time and is more aurate than σ2. Therefore, this projetwas designed to �nd an approximate form of Neutral Density on the world oeans thatis valid for a wide range of salinities and temperatures and is omputationally e�ient.MDougall and Jakett [2005a℄ showed that it was not possible to obtain a single rationalfuntion that suessfully repliated Neutral Density (i.e. was lose to being neutral)beause of the hemispheri hange in water-mass harateristis. Hene, this projet isbased on the onstrution of a polynomial γpoly of Neutral Density for eah oean basin.Eah γpoly requires the two spei�ations whih are (i) being only a funtion of salinity andtemperature and (ii) being workable on a high range of these variables. The polynomialfor the Southern Oean proved to be the exeption and required the addition of a pressuredependent term. Every funtion is �tted in a least-square sense on the WOCE limatology[Gouretski and Koltermann, 2004℄, that had been labelled with the improved NeutralDensity γi. Due to the limited salinity and temperature range of the data, two proesseshave been developed that are designed to extrapolate the dataset and thus inrease therange of the validity of the polynomials. A global polynomial γGP is ahieved by gatheringeah of the γpoly funtions and joining the polynomials of neighbouring basins by the useof weighting funtions. All these funtions have been built in respet of Pratial Salinityand potential temperature using the equation of state EOS-80 [Uneso, 1983℄. Thesevariables are urrently used in oean models. Reent breakthroughs in thermodynamisof seawater were the introdution of Absolute Salinity, Conservative Temperature and anew equation of state TEOS-10 [IOC et al., 2010℄ whih is based on Gibbs funtion. Overthe next few years, these variables will replae Pratial Salinity and potential temperaturein observational, theoretial oeanography and in oean models. Therefore, the theoryand the proesses developed here for �tting a polynomial form of Neutral Density arevalid for the new equation of state and γpoly and γGP will be able to be onstruted suhGuillaume Sérazin TFE 2011 8



An approximate neutral density variable for the world oeansthat they are a funtion of the latest thermodynami variables.The improvement of γGP ompared to the variable σ2 that it aims to replae is shownfor two types of data, (i) the WOCE oean atlas and (ii) a snapshot from the oean modelMOM4. The map of the world oeans depited by Figure 2 shows the di�erent oeanbasins and the main regions whih are disussed and where the major improvements exist.The results of the γpoly funtions are studied on eah oean basin, and their propertieson the salinity-temperature diagram are highlighted. The redution in the amount of�titious diapynal di�usivity provides the most onvining evidene that γpoly desribesneutral surfaes more aurately than σ2. The use of weighting funtions in the zippingregions introdues quite high levels of �titious diapynal di�usivity. The zipping issuesare disussed and an explanation is o�ered to desribe the origin of the introdued error.Inluded in this disussion are some thoughts of the quality of the dataset and the γi labelas eah of the oean basin funtions when taken separately are lose to being neutral.Even with this non-negligible e�et, γGP gives a good improvement ompared to σ2. Theresults for the oean model MOM4 prove to be better than those observed for the WOCElimatology, this suggests that the γGP funtion is valid for use in models.
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An approximate neutral density variable for the world oeans
Chapter 1Neutral physis in thermodynamis ofseawater
1.1 Equations of state of seawaterIn order to truly understand the onept of neutral tangent plane and take aount ofits importane in oean irulation, a brief reminder of thermodynamis of seawater isneessary. A new equation of state has been reently designed approved by the sienti�governing bodies (SCOR, IAPSO, IOC) whih allows for a more aurate desription of theoean, as suh this is a transition period for oeanographers in the use of thermodynamivariables. The global hange ould take at least �ve years, modifying an oean modelis not a trivial task. Thus, it is important to be preise whih variables are used inthis projet. The projet is to design a neural density funtion whih an be used inthe urrent oean models. A seond robust funtion based on the latest thermodynamivariables will have to be built for the next generation of oean models and to provide themehanism to label neutral density surfaes.Introdued in 1980's, the old equation of state alled Equation of Seawater-1980 (EOS-80) [Uneso, 1983℄ was de�ned in terms of Pratial Salinity SP , in situ temperature tand pressure p. Versions designed in terms of potential temperature θ are urrently imple-mented in oean models and in the programs used in their analysis. Nevertheless, it laksthe ability to desribe properly the properties of seawater suh as a orret representationof the heat ontent or a real desription of salinity. The SCOR/IAPSO Working Group127 has reently published a new version of the equation of state, the ThermodynamiEquation of Seawater-2010 (TEOS-10) [IOC et al., 2010℄, to overome their limitations.The variables of Conservative Temperature Θ and Absolute Salinity SA have replaed po-tential temperature and Pratial Salinity. These new equations desribe more auratelyall thermodynami properties of seawater (density, enthalpy, entropy, sound speed, et...).Its innovation resides in the use of a Gibbs funtion whih allow the derivation of all thevariables in a thermodynamially onsistent manner. The previous equation of state, EOS-80, was a olletion of polynomials whih were not onsistent between the thermodynamiproperties, and only allowed for the omputation of the basis thermodynami properties,but the new version possesses a lot of new funtionalities. We invite the reader interestedin the new thermodynami properties of seawater to read The international thermody-namis equation of seawater - 2010: Calulation and use of thermodynami propertiesGuillaume Sérazin TFE 2011 11



An approximate neutral density variable for the world oeans[IOC et al., 2010℄. It is available on the website http://www.teos-10.org/ as well as theGibbs Seawater Oeanographi Toolbox for Matlab [MDougall and Barker, 2011℄ whihallows the omputation of many of these variables.Beause a parel of seawater an be desribed as a trivariant system, the following partwill fous on the three variables used to measure and haraterize the oean : pressure,salinity and temperature. The variable of density whih is the link between thermodynam-is and dynamis is derived by the equation of state. Understanding learly these notionsis fundamental for this study and the introdution of the onept of neutral surfaes.1.1.1 Sea pressureThe sea pressure is de�ned to be the Absolute Pressure P less the Absolute Pressure of astandard atmosphere P0 = 101325Pa

p = P − P0 (1.1)The units ommonly used in oeanography is the deibar (dbar) beause the value is reallylose to the depth in metres. Pressure an be related to depth by the hydrostati relation
g = −ν

∂P

∂z
= −1

ρ

∂P

∂z
(1.2)Depending on the purpose, this relation an be easily integrated

p = ρgh (1.3)Afterwards, we will need to aurately onvert pressure di�erenes into depth di�erenes.Therefore, the funtion gsw_z_from_rho() from the GSW Oeanographi Toolbox forMatlab [MDougall and Barker, 2011℄ has been used for all the onversions of pressureinto depth, whih is based on the vertial integral of the hydrostati equation:
∫ z

0

g(z′)dz = −
∫ P

P0

ν(p′)dP ′ = −
∫ P

P0

ν̂(SSO, 0
◦, p′)dP ′ +Ψ = −ĥ(SSO, 0

◦, p′) + Ψ (1.4)with the dynami height anomaly Ψ de�ned in IOC et al. [2010℄, the Salinity of theStandard Oean SS0 = 35.165 04 g.kg−1.1.1.2 SalinityPratial SalinityIn the real life a lot of di�erent speies are dissolved in the oean. Yet, it is not pratialto study them with their own onentration and hemial potential. The physis an bedesribed using one salinity variable that inludes all these speies. However, it is notpossible to measure it in pratie by evaporating a sample of seawater beause volatilesomponents are lost during the proess of drying when ones tries to evaporate seawater toget the mass of dissolved material. Salinity is urrently determined by measurements ofGuillaume Sérazin TFE 2011 12
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An approximate neutral density variable for the world oeanseletrial ondutivity, whih varies with the ioni ontent. The relationship between on-dutivity Λ and a so-alled Pratial Salinity SP (Λ, t, p) in Standard Seawater is spei�edby the �Pratial Salinity Sale of 1978� (PSS-78):
SP = f(K15)
K15 = Λ(S, 15, 0)/Λ(KCl, 15, 0)
2 <= SP <= 42

(1.5)Where K15 is the ondutivity ratio whih is the eletrial ondutivity of the sample(S) at temperature t = 15◦C (IPTS − 68) and pressure equal to one standard atmo-sphere, divided by the ondutivity of a standard potassium hloride (KCl) solution atthe same temperature and pressure. The salinity variable SP is therefore diretly relatedto measurements and it is under this form that measured salinity is urrently stored.Referene SalinityThe previous de�nition was atually based on the �rst sale with the de�nition of evapo-rated seawater whih is in fat inorret. As seen previously this de�nition is not true dueto volatile omponents lost in the drying proess. That's why, Millero et al. [2008b℄ de�nedthe referene omposition of seawater with the exat mole frations of eah speies. It isbased on seawater samples from the surfae water of a ertain region of the North Atlanti.They were analysed using mass spetrometry and/or ion hromatography. Consequently,Millero et al. [2008a℄ reently introdued a orretion fator for Pratial Salinity in orderto take into aount of hlorides missing. The orreted Pratial Salinity is alled Ref-erene Salinity SR. For the range of salinities where Pratial Salinities are de�ned (thatis 2 < SP < 42), it was shown that
SR =

35.16504 g.kg−1

35
SP (1.6)Absolute SalinityThe atual omposition of seawater varies from one oeani basin to another beause ofoean irulation. This results in hanges to the ondutivity/salinity/density relation-ship, whih is well de�ned only for the Standard Seawater obtained for a partiular areain the North Atlanti [Pawlowiz et al., 2011℄. Absolute Salinity is designed to take intoaount this spatial variation in seawater omposition δSA, due to small �utuation inthe siliate onentration. These variations while small, are a fator of about 10 largerthan the auray with whih sientists an measure salinity at sea. Absolute Salinity isrelated to a salinity anomaly δSA and the Referene Salinity SR:

SA = SR + δSA = SA(SP , φ, λ, p) (1.7)Figure 1.1 desribes the method for forming Absolute Salinity whih is the ombinationof referene omposition and omposition anomalies.
Guillaume Sérazin TFE 2011 13



An approximate neutral density variable for the world oeans

Figure 1.1: A sketh indiating how thermodynamis quantities suh as density are alu-lated as funtions of Absolute Salinity. Absolute Salinity is found by adding an estimateof the Absolute Salinity Anomaly δSA to the Referene Salinity. [IOC et al., 2010℄1.1.3 TemperatureIn situ temperatureTemperature has an important role in oean proesses. Several de�nitions an be useddepending on the appliation. First, the absolute temperature T in Kelvin an be de�ned,whih is a ommon thermodynami variable. This is good for theory but in pratie themeasurement of temperature using a absolute sale is di�ult. Thus, pratial tempera-ture sales were de�ned in laboratories for use in oeanographi sienes. For the oean,the measuring devie is a platinum-resistane thermometer. The most reent sale is theInternational Temperature Sale of 1990 (ITS-90). Oeanographers de�ne in respet ofthis sale in situ temperature
t[◦C] = T [K]− 273, 15 (1.8)Nevertheless, in physial oeanography it is useful to introdue temperature variablesmore appropriate to desribe oean proesses in theoretial studies and in models.Potential temperatureIn order to disard the e�et of ompressibility and be more representative of the heatontent, the onept of potential temperature, applied in the atmosphere originally by Hel-motz (1888), was transfered to oeanography by Helland-Hansen (1912). The de�nitionof potential temperature is the temperature that a �uid parel would have if its pressurewere hanged to a �xed referene pressure pr in an isentropi and isohaline manner. Onean write potential temperature referred to a referene pressure pr as the pressure integralof the adiabati lapse rate

θ = θ(SA, t, p, pr) = t+

∫ pr

p

Γ(SA, θ, p
′)dp′ (1.9)Guillaume Sérazin TFE 2011 14



An approximate neutral density variable for the world oeansSine its introdution to the �eld of oeanography, potential temperature has been treatedas the variable representing the advetion and di�usion of "heat". Oean modellers have todate treated potential temperature as if it were a onservative variable. This assumptionhas been shown to be wrong beause when �uids parels mix at �xed pressure, non-onservative soure terms of potential temperature arise beause the isobari heat apaityof seawater varies by up to 5% with salinity and also beause enthalpy depends non-linearly with salinity [MDougall, 2003℄. Note that this variable is still used by themodelling ommunity in the equation of state EOS-80.Conservative TemperatureLooking for a method apable of desribing the heat ontent in the oean aurately,MDougall [2003℄ introdued Conservative Temperature whih is diretly related to en-thalpy in order to be as onservative as possible. Conservative Temperature Θ is similarto potential temperature in that the same arti�ial though experiment is involved. Con-servative Temperature is diretly related to potential enthalpy h0 whih is the enthalpythat a �uid parel would have if its pressure was hanged to a �xed referene pressure prin an isentropi and adiabati way. As heat �uxes into and out of the oean our mostlynear the sea surfae, the referene pressure for potential enthalpy is always pr = 0 dbar.Hene, Conservative Temperature Θ is de�ned to be diretly proportional to potentialenthalpy aording to
Θ(SA, t, p) = Θ̃(SA, θ) =

h0(SA, t, p)

c0p
=

Θ̃0(SA, θ)

c0p
(1.10)where c0p is de�ned in standard onditions, that is SA = 35, 16504 g.kg−1 and θ = 25◦C

c0p = 3991, 86795711963 J.kg−1.K−1 (1.11)It has been shown that the error inurred in oean models by assuming that ConservativeTemperature is 100% onservative is approximately 120 times smaller than the orre-sponding error for potential temperature [Graham and MDougall, 2012℄. The air-seaheat �ux is exatly proportional to the �ux of Conservative Temperature and the merid-ional "heat" �ux is very aurately given by the meridional heat �ux of Θ. Figure 1.2illustrates the non-onservative prodution of potential temperature θ in the oean, itan. The di�erene between potential temperature and Conservative Temperature θ−Θan be as large as −1.4◦C, but is more typially no more than ±0.1◦ C.1.1.4 In situ DensityA parel of seawater, being a trivariant system an be determined by three variables.Therefore, the knowledge of salinity, temperature and pressure, whih an be easily mea-sured by CTD probes (Condutivity, Temperature, Depth) allow the alulation of theseawater density. As water is weakly ompressible, Absolute density is not really suitableto desribe aurately a hange in density. That's why oeanographers prefer using therelative density alled density anomaly or Sigma:
σ = ρ− 1000 kg.m−3 (1.12)Guillaume Sérazin TFE 2011 15



An approximate neutral density variable for the world oeans

Figure 1.2: Contours (in ◦C) of the di�erene between potential temperature and Con-servative Temperature θ − Θ. This plot illustrates the non-onservative prodution ofpotential temperature θ in the oean. [MDougall and Barker, 2011℄1.2 Neutral tangent plane theoryStrati�ation in the global oean has long been a di�ult and elusive problem in physialoeanography. Wüst [1933℄ and Montgomery [1938℄ were the �rst to observe that thedominant �ows in the oean ourred along "isopynals" that were not the same as den-sity surfaes, as had been previously thought. They introdued the onept of potentialdensity in order to desribe these surfaes, but later Reid and Lynn [1971℄ demonstratedtheir faults showing that the same "isopynal" an have density di�erenes of 0.14 g.kg−1between the two hemispheres. In order to obtain a better desription of these partiularsurfaes along whih the strong exhanges our, based on a theory of stability and notonly on observations, MDougall [1987b,℄ developed the theory of neutral surfaes anddisussed the onsequenes of analysing oeani motion with respet to neutral tangentplanes, the other word to desribe neutral surfaes. However, this kind of surfae is notmathematially well de�ned it is impossible to build, whih is proven by studying neu-tral heliity and neutral trajetories. Though, approximating these surfaes is ahievableand is a real need in physial oeanography and an be used in many appliations fordesribing �ows. Neutral physis is then introdued in this part and seems neessaryto truly understand the next onept of Neutral Density and the need to onstrut anapproximate form of Neutral Density. It was hosen to write the equations in both formsof the equation of state, that is, EOS-80 [Uneso, 1983℄ with potential temperature θ andPratial Salinity SP , and TEOS-10 [IOC et al., 2010℄ with Conservative Temperature
Θ and Absolute Salinity SA. As previously mentioned we are urrently in a transitionperiod while oeanographers hange over to using TEOS-10. The urrent generation ofoean models have been written in terms of SP , θ and rely on EOS-80, thus it is neessaryGuillaume Sérazin TFE 2011 16



An approximate neutral density variable for the world oeansto develop γGP in the two versions of the equation of state.1.2.1 Buoyany frequenyCommonly used in geophysis, the buoyany frequeny (alled sometimes the Brunt-Väisälä frequeny) quanti�es the stability of a strati�ed medium. Its magnitude has animportant role in de�ning energeti exhanges in geophysial �ows, partiularly in atmo-spheri dynamis and physial oeanography. Therefore, in a stable strati�ed medium, ifa �uid parel is moved from is equilibrium position, its density will be modi�ed and itwill experiene a buoyany restoring fore tending to bring it bak to its initial position asrepresented on the �gure 1.3. It follows that the parel osillates around its equilibriumposition at the frequeny N . The buoyany frequeny is then mathematially de�ned by
N2 =

g

ρ

(
−∂ρ

∂z
+

∂ρ

∂z

∣∣∣∣
isentropic,adiabatic

) (1.13)Here the �rst term is the vertial gradient of in situ density, and the seond term repre-

Figure 1.3: In a stable strati�ed middle, a parel of �uid moved from its equilibriumposition experienes a buoyany restoring fore [Perkins, 2011℄sents the hange in in situ density that the �uid parel would experiene during vertialmovements isentropially and adiabatially. The isentropi and isohaline ompressibilityis de�ned by
κ =

1

ρ

∂ρ

∂p

∣∣∣∣
SP ,θ

=
1

ρ

∂ρ

∂p

∣∣∣∣
SA,Θ

(1.14)Then the equation of the buoyany frequeny (1.13) an be rewritten using the previousequation (1.14)
N2 = −g

ρ

∂ρ

∂z
+ κg

∂p

∂z
(1.15)

N2 an be any real number that's why a disussion on its sign seems to be neessary. Onean distinguish three di�erent ases:
• N2 < 0, the system is unstable and it leads to vertial mixing beause denser waterlies on lighter water.
• N2 > 0, the system is stable and osillate at the frequeny NGuillaume Sérazin TFE 2011 17



An approximate neutral density variable for the world oeans
• N2 = 0, the system is said neutralThe buoyany frequeny ours in a lot of phenomenon in the oean suh as internalwaves. The last ase of N2 = 0 is partiularly notieable and onstitutes a fundamentalproperty of neutral tangent planes.1.2.2 Mathematial de�nition of neutral tangent planesAs a �uid parel moves around the oean and experienes a variety of pressures, its in situdensity ontinually hanges beause of the ompressibility of seawater. In order to reduethis variation of density, MDougall [1987b℄ introdued the onept of neutral tangentplane or neutral surfae in physial oeanography. Then, a neutral surfae is de�ning sothat in�nitesimal isentropi and adiabati displaements of a parel of seawater do notprodue a buoyant restoring fore. In other words, it is a plane of neutral buoyany. Inthis way, �uid parels an be exhanged and mixed over small distanes in the neutralsurfaes without having to supply gravitational potential energy (i.e. a buoyany fore).Following this de�nition, the normal vetor of this plane is given byn =

g

N2

(
−1

ρ
∇ρ+ κ∇p

) (1.16)The equation of state of seawater an be written in respet of Pratial Salinity SP andpotential temperature θ of EOS-80 [Uneso, 1983℄ or in respet of the last thermodynamivariables Absolute Salinity SA and Conservative Temperature Θ of TEOS-10 [IOC et al.,2010℄.
1

ρ
∇ρ = βθ∇SP − αθ∇θ + κ∇ρ (EOS-80)

= βΘ∇SA − αΘ∇Θ+ κ∇ρ (TEOS-10) (1.17)where β is the saline ontration oe�ient de�ned by
βθ =

1

ρ

∂ρ

∂θ

∣∣∣∣
θ,p

or βΘ =
1

ρ

∂ρ

∂Θ

∣∣∣∣
Θ,p

(1.18)and α is the thermal dilatation de�ned by
αθ = −1

ρ

∂ρ

∂θ

∣∣∣∣
SP ,p

or αΘ =
1

ρ

∂ρ

∂Θ

∣∣∣∣
SP ,p

(1.19)Note that the equation of state of seawater is non-linear and the oe�ients α and β donot not vary linearly. It will be seen in the next part the onsequenes on the de�nitionof neutral surfaes. Then, using the two di�erent equation of state, the normal vetor anthen be rewritten
N2

g
n = αθ∇θ − βθ∇SP

= αΘ∇Θ− βΘ∇SA

(1.20)Combining in a seond time the equation of buoyany frequeny (1.15) and the equationof state (1.17) one an obtain
N2

g
= αθ ∂θ

∂z

∣∣∣∣
x,y

− βθ ∂SP

∂z

∣∣∣∣
x,y

= αΘ ∂Θ

∂z

∣∣∣∣
x,y

− βΘ ∂SA

∂z

∣∣∣∣
x,y

(1.21)Guillaume Sérazin TFE 2011 18



An approximate neutral density variable for the world oeansTherefore it is important to note that the z omponent of βθ∇SP − αθ∇θ (respetively
βΘ∇SA − αΘ∇Θ) is simply N2/g. Remarking now that the three-dimensional gradient
∇ is related to the two-dimensional gradient ∇n by

∇ = ∇n +
∂

∂z

∣∣∣∣
x,y

k (1.22)Sine the mathematial de�nition of a neutral surfae, ie a plane of neutral buoyany, isthen given by the expression
1

ρ
∇nρ = κ∇np (1.23)This previous de�nition is equivalent to

βθ∇nSP = αθ∇nθ
βΘ∇nSA = αΘ∇nΘ

(1.24)This last form is the most ommonly used to desribe a neutral surfae. It expresses interms of gradients of Absolute Salinity SA and Conservative Temperature Θ (respetively
SP and θ) whih are both onservative thermodynami variables, whereas the alternativede�nition (1.23) involves the non-onservative variable of in situ density.1.2.3 Neutral heliityThe physis of neutral surfaes are well desribed by the equation (1.24), but the on-strution of these surfaes in the real oean is a bit more ompliated. A well-knownproperty in vetor geometry is that the surfaes normal to a vetor n are well de�ned bythe equality n.∇×n = 0 everywhere. In analogy with �uid mehanis, the term U.∇×Uis alled heliity and represents the potential for helial �ow to evolve. Therefore the�ow follows the pattern of a orksrew. Looking for a way to onstrut neutral surfaes,MDougall [1988℄ de�ned in a similar way the onept of neutral heliity in the oean.Previously, it has been seen that the normal to a neutral tangent plane is in the diretion
αθ∇θ − βθ∇SP (respetively αΘ∇Θ− βΘ∇SA). Hene neutral heliity an be written:

Hn = (αθ∇θ − βθ∇SP ).∇× (αθ∇θ − βθ∇SP )
= (αΘ∇Θ− βΘ∇SA).∇× (αΘ∇Θ− βΘ∇SA)

(1.25)It is now useful to introdue the thermobari oe�ient TΘ
b beause the ratio α/β of thethermal expansion oe�ient and the saline ontration oe�ient depends atually onpressure. The thermobari oe�ient [MDougall, 1987b℄ quanti�es the rate of variationof that ratio.

T θ
b = T θ

b (SP , t, p) = βθ ∂αθ/βθ

∂p

∣∣∣∣
SP ,θ

=
∂αθ

∂p

∣∣∣∣
SP ,θ

− αθ

βθ

∂βθ

∂p

∣∣∣∣
SP ,θ

TΘ
b = TΘ

b (SA, t, p) = βΘ ∂αΘ/βΘ

∂p

∣∣∣∣
SA,Θ

=
∂αΘ

∂p

∣∣∣∣
SA,Θ

− αΘ

βΘ

∂βΘ

∂p

∣∣∣∣
SA,Θ

(1.26)In a lot of oean appliation the thermobari parameter an be onsidered onstant witha value of Tb = 2.7 10−8K−1db−1 With this magnitude, it has been shown that Neutralheliity an be written as
Hn = βθT θ

b ∇p.∇SP ×∇θ
= βΘTΘ

b ∇p.∇SA ×∇Θ
(1.27)Guillaume Sérazin TFE 2011 19



An approximate neutral density variable for the world oeansTherefore it appears that this kind of surfae is not mathematially well-de�ned beauseneutral heliity is not zero everywhere. The only way for neutral heliity to be nullis that the intersetion of the SP and θ planes, ∇SP × ∇θ (respetively ∇SP × ∇θ),must lie in the isobari surfae. Due to the non-linearities of the equation of state ofseawater, this equality does not exist everywhere in the real oean. As a result, it is notpossible to onstrut suh a surfae and neutral tangent plane an only be de�ned loallyby being plane of neutral stati stability. Another illustration of the ill-de�ned natureof neutral surfae is given by the helial shape of neutral trajetories (see Figure 1.4).In fat, heliity is path-dependent so that traing a neutral trajetory around an oeanbasin and returning to the original longitude and latitude gives a depth di�erent fromthe starting point. This path-dependeny is related to the thermobari oe�ient whihvaries non-linearly with pressure.

Figure 1.4: The neutral helix depits a trajetory of the mean irulation suh as wouldour in the absene of interior diapynal mixing. The helial nature of this Neutraltrajetory means that mean vertial motion ours through density surfaes [MDougalland Jakett, 2008℄1.2.4 Interest in neutral surfaesMesosale turbulene in evaluating the irulation in the main oean is well desribedby a model of eddy di�usion. The fat that strongest exhanges our along neutralsurfae in the oean is well haraterized by the value of the lateral mixing di�usionoe�ient K = 1000m2.s−1. On the ontrary, it has been shown that the mean diapynaldi�usivity due to irreversible proesses is roughly 10−5m2s−1 in the oean [Stewart, 2007℄.A simple alulation gives that isopynal mixing is eight orders better than diapynalmixing. Therefore, neutral surfaes are an important onept in physial oeanographybeause their knowledge allows the orret desribtion of where the strong lateral mixingours. The smallness of the rate of dissipation of mehanial energy in the oean alsoon�rms the ommon assumption that the strong lateral di�usion ahieved by mesosaleeddies ours along neutral tangent planes in the oean interior. Consequently, it isneessary to be able to determine the slope of the neutral tangent plane to an auray ofabout 10−4 in order to separate and understand the di�erent lateral and vertial mixingproesses. Guillaume Sérazin TFE 2011 20



An approximate neutral density variable for the world oeansAn example of suh an importane in de�ning neutral surfaes is given by the "thermalwind" equation. This equation gives the vertial gradient of the horizontal veloity underthe geostrophi approximation. It an be expressed by
f
∂v
∂z

=
N2

gρ
k×∇np (1.28)With this form, the "thermal wind" is diretly related to the pressure gradient in theneutral tangent plane. And it is possible to see that the knowledge of th pressure gradientalong a neutral surfae is su�ient to desribe the "thermal wind".Conservation equations an also be written in the frame of neutral surfae in order toalign the mixing tensors. An approximate turbulent-averaged form of the onservationequation of Absolute Salinity thikness-and-density-weighted on neutral surfaes [Grahamand MDougall, 2012℄ is given by

DSA

Dt
=

∂ŜA

∂t

∣∣∣∣∣
n

+ v̂.∇nŜA + ẽ
∂ŜA

∂z
= γa

z∇n.

(
1

γa
z

K∇nŜA

)
+

(
D
∂ŜA

∂z

)

z

+ ŜSA (1.29)where v̂ is horizontal veloity, ŜA Absolute Salinity, the thikness-weighted, all thikness-and-density-weighted, ẽ is the temporally averaged dianeutral veloity, D is the dianeutraldi�usivity and K the epineutral di�usivity, γa
z is the vertial gradient of a suitable densityvariable approximating neutral surfae, and ŜSA is a non-onservative prodution termdue to biogeohimial proesses.1.2.5 Error introdued by the use of an approximately neutralsurfaeConsidering now that we are able to desribe neutral surfaes with approximately neutralsurfaes de�ned by a density variable γa. At this moment, it is judiious to introduethe terms ommonly used in oeanography of "isopynal" to desribe �ows along densitysurfaes and "diapynal" for �ows through density surfaes. These terms will be used allalong the study. The vertial veloity ea through this surfae is desribed by Figure 1.5and an be expressed as

ea = e + ehel (1.30)where e orresponds to the transport through the surfae if this surfae was purely neu-tral. This veloity is reated by irreversible proesses in the oean, that is, abelling,thermobariity, double-di�usion and small-sale turbulent mixing. The seond member
ehel is reated by the helial shape of neutral trajetories (see Figure 1.4) and the fat thatit is impossible to onstrut neutral surfaes. This veloity ehel through an approximatelysurfae γa whih transports mass, salinity, onservative temperature and all other traers.The major point to remind is that veloity ehel is not related to irreversible proesses inthe oean but to the ill-de�ned nature of neutral surfaes.To quantify now the quality of an approximately neutral surfae in the sense of beinglose to neutral, it is judiious to introdue the slope di�erene between the neutraltangent plane and the approximately neutral surfae.s = ∇nz −∇az =

g

N2
(αθ∇aθ − βθ∇aSP )

=
g

N2
(αΘ∇aΘ− βΘ∇aSA)
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An approximate neutral density variable for the world oeans
(ui + vj + wk)

(ui + vj)

ea

e

ehel
w

ntp

γ aFigure 1.5: This �gure shows the di�erenes between e, ehel, ea and w. The lateral veloity
(ui+ vj) is direted horizontally. The three surfaes shown are the approximately neutralsurfae (γa), the neutral tangent plane (ntp) and the top-most is the lateral veloity plus
w, where w inludes all omponents leading to a �ow whih di�ers from a purely horizontal�ow (the tilt of an approximately neutral surfae, mixing e�ets and a diapynal veloityaused by the ill-de�ned nature of neutral surfaes,ehel)[Kloker et al., 2009℄Mesosale turbulene in evaluating the irulation in the main oean is well desribedby a model of eddy di�usion. The fat that strongest exhanges our along neutralsurfae in the oean is well desribed the value of the lateral mixing di�usion oe�ient
K = 1000m2.s−1. On the ontrary, it has been shown that the mean diapynal di�usivitydue to irreversible proesses (orresponding to the veloity e (1.30)) is roughly 10−5m2s−1in the oean [Stewart, 2007℄. A simple alulation gives that isopynal mixing is eight or-ders superior to diapynal mixing. Therefore, the use of an approximately neutral surfaeto desribe the �ow in the oean introdues a false diapynal exhange (orresponding tothe veloity ehel (1.30)) beause this surfae does not oinide exatly everywhere withneutral tangent planes. It is then judiious to express this error in terms of di�usivitywhih will diretly orrespond to error introdue in the evaluation of onservation equa-tions. It is alled the �titious diapynal di�usivity and it an be evaluated using bythe lateral mixing di�usion oe�ient K times by the square of the slope di�erene s2between an approximate neutral surfae and the neutral tangent plane. Aording to theequation (1.31), the �titious diapynal di�usivity an be written

Df = K.s2 = K.(∇nz −∇az)
2 (1.32)As the mean value of diapynal mixing is 10−5m2s−1 in the oean, it means that if one usesan approximate neutral surfae whose the �titious di�usivity Df due to the veloity ehelis smaller than 10−5m2s−1, then no signi�ant mixing error will be introdued desribingthe oean �ow. Afterwards, we will see in the next part that di�erent density surfaesan be used for approahing neutral surfaes but not with the same results and aurayit will be an important and this value will be important to haraterize the potential ofan approximate neutral surfae to be lose to neutral.1.3 State-of-the-art of density surfaes1.3.1 Properties of density surfaesThe birth of the theory of neutral tangent plane has seen the introdution of severaldensity variables in order to desribe orretly �ow along isopynals. Then it has beenshown that density surfaes all di�er in the extent of whih they ahieve the three desirableproperties but mutually inonsistent properties:Guillaume Sérazin TFE 2011 22



An approximate neutral density variable for the world oeans
• being as neutral as possible: a surfae of a onstant value of the density variablesdesribes a neutral surfae
• being as quasi-material as possible, that is being only a funtion of salinity andtemperature. When taken the derivative, a density variable being of funtion ofpressure or spae introdue a false diapynal mixing [MDougall and Jakett, 2005a℄.The diapynal veloity ea (1.30) introdued by the use of a density surfae γa anbe written

ea =
Dγa

Dt
∂γa

∂z

(1.33)
• possessing a geostrophi streamfuntion (Montgomery streamfuntion)In fat, the nature of the equation of state does not allow to �nd an appropriate densitysurfae whih satis�es all three properties. That's why the hoie of a density variablewill depend on ones appliation. One density variable might give good results for anappliation but introdue substantial errors for another. This study will be fous only onthe �rst point of being lose to neutral, keeping in mind the quasi-material property. Thelast point will not be evoked afterwards.1.3.2 Surfae of potential densitySurfae of onstant in situ density were historially the �rst surfaes used for oeanimodels. But in order to get a better approah of desribing the surfaes where thestrong exhanges our, Wüst [1933℄ introdued the notion of potential density in orderto ounterat the e�et of ompressibility . On this type of density surfae (identi�ed withthe index σr), the relation between lateral gradients of salinity and potential temperaturean be written in the form

αΘ(pr)∇σr
= βΘ(pr)∇σr

SA (1.34)At p = pr, potential density surfae and neutral surfae oinide exatly as it an beseen on Figure 1.6. Then, the neutral surfae an be regarded as the envelope of a wholeseries of loally referened potential density surfaes. The other thing whih is remarkableis that neutral surfaes and potential density oinide along onservative isotherms andisohalines in three-dimensional spae. Therefore, Reid and Lynn [1971℄ developed anapproah of neutrality, even before the introdution of the onept of neutral surfae,with pathed potential density surfaes. Their method to form isopynals involves usingpotential density referened to a series of pressure (usually 0 db, 1000 db, 2000 db and
4000, db) in order to approximate neutral surfaes. Eah potential density variable is usedto desribed neutral tangent plane in a partiular range of pressure. The problem with thisapproah is that these density variables do not onnet well between the di�erent layersmaking the surfae disontinuous by nature and it is not desirable to have a disontinuoussurfae to desribe the �ow in the oean.Although potential density surfaes provide a reasonable approximation of neutralsurfaes, they are atually inaurate when used in appliations requiring a good preision.For the moment, they are used in oean models beause of their rapidity of omputing.Potential density referened to 2000 db, namely σ2, is very popular in numerial oeanmodels beause it gives results in a short time, but this variable is far from being perfet.Guillaume Sérazin TFE 2011 23
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Figure 1.6: Sketh of a Neutral surfae and three di�erent potential density surfaes, ref-erened to 0 db, 1000 db and 2000 db. The Neutral surfae is tangential to potential densitysurfaes with only at the referene pressure of those potential density surfaes. In this way,the Neutral surfae an be regarded as the envelope urve of many loally referened po-tential density surfaes with ontinually hanging referene pressures.[MDougall, 1987a℄1.3.3 Surfae of neutral densityNeutral densityAfter having de�ned properly the onept of neutral surfae, [MDougall, 1987a℄ waslooking for a way to desribe these surfaes and led to the development of Neutral Density.The idea is to onsider �rst that these surfaes are well de�ned by neutral heliity beingzero everywhere Hn = 0. This ondition an then be satis�ed when there is an integratingfator b = b(x, y, z), so that bρ(β∇SP−αθ) is irrotational. Under these onditions, a salarpotential γn exists [Jakett and MDougall, 1997℄:
∇γn = bρ(βΘ∇S − αΘ∇θ) (1.35)so that the solution to ∇nγ

n = 0 is idential to the solution of ρ(βΘ∇S − αΘ∇θ) = 0.In that sense, Neutral Density is no longer a thermodynami variable beause it notonly depends on salinity, temperature and pressure, but also on latitude an longitude.To summarize the relation between idealized neutral surfae and Neutral Density, thefollowing equivalenes an be demonstrated:
• Neutral surfaes are orthogonal to ρ(β∇S − α∇θ)

• Heliity is zero i.e. H = A.∇×A = 0

• Existene of the salar potential bTo have a better idea of the integrating fator b, an approximate value an be found withthe expression
b ≈ exp

[
−g2ρTΘ

b

∫

n

1

N2
βΘ∇S − αΘ∇θ.dl] (1.36)Then, the equation (1.35) being a system of �rst-order hyperboli partial di�erent equa-tions an be solved by the method of harateristis. γn is elaborated onsidering thatGuillaume Sérazin TFE 2011 24



An approximate neutral density variable for the world oeansneutral density is zero, but in the real oean neutral surfaes are not mathematially well-de�ned and heliity is path-dependent, onsequently γn is not exatly onstant on loalneutral tangent planes approximated by harateristis. The �nal stage of the proessonsists in averaging this error over the entire globe using an iteratively proess startingwith the values of initial γn �eld until reahing a steady state �eld. The results provethat Neutral Density is widely better in approximating neutral surfaes than potentialdensity. Figure 1.7 represents isopynals of γn, σ2 and σ0 along a longitudinal setionof the Atlanti Oean ompared to a neutral trajetory. It an be seen that the error inevaluating neutral surfae is larger using referened potential density than neutral density,namely hundreds of meters di�erene for σ2 ompared to tens of meters di�erene for γn.Though, the use of γn is limited on labelling a world oean dataset beause the proessinvolved is very omputer intensive and requires a lot of iterations to onverge. Therefore,at present γn annot be used in pratie in oean models beause of its dependeny ontime of omputation. The Levitus limatology [Levitus, 1982℄ is the basis for the γn label,however it only overs the range of latitude of −84◦N → 60◦N .

Figure 1.7: Surfaes of onstant γn (blue solid line),σ0 and σ2 (dashed lines with σ2 beingthe lower dashed line), and a neutral trajetory (red solid line) along 328◦E in the AtlantiOean. All the surfaes oinide at 250 dbar and 59◦S.[MDougall and Jakett, 2008℄Improved neutral density
γi is an improved version of the neutral density γn. It uses this last variable as an initialondition and an iterative inversion method to improve the surfae. Computationallymore expensive due a large number of iterations, it is more aurate than γn and is reallylose to being neutral. There is no published bibliography on the subjet at present, theproess is urrently being developed by MDougall and Barker. The WOCE limatology[Gouretski and Koltermann, 2004℄ has already been labelled with γi and is used in thisprojet of forming in the approximate form of neutral density γGP . But the results ouldbe more aurate as the tehnology is not perfet yet for two reasons. First, the WOCEGuillaume Sérazin TFE 2011 25



An approximate neutral density variable for the world oeanslimatology is a global average of hydrographi asts and some regions suh as the WeddellSea or the Arti are not well desribed beause of a lak of observational data. Seondly,the software for omputing γi is not ompletely �nished and some omponents still requireimprovements. Thus the results are not as good as expeted, partiularly in the deep partof the oean, and regions where strong gradients of temperature and salinity our suhas those lose to Antartia and in the Labrador Sea.1.3.4 Approximate neutral density variablesAlthough neutral density γn and γi gives aurate results to desribe neutral surfaes,they annot be used in pratie in appliations running millions of time step. That'swhy oeanographers tried to make approximate forms of neutral density or even de�neanother density variable that is faster to ompute. These funtions have not been followedby appliations beause the results did not have a big improvement ompared to referenedpotential density σ2, or have been limited to an oean basin. An inventory of existingdensity variables aimed to be used in oean models follows and their limits are pointed.
γEW Eden and Willebrand [1999℄ neutral density polynomial Construted for ause on the North Atlanti, this funtion looks for ahieving the seond property of beingquasi-material and align the vertial gradient of the neutral density with the vertial gra-dient of in situ density. In that sense, the funtion does not try to be neutral everywhere.Nevertheless, it gives better results in terms of neutrality than σ2 in a similar omputationtime (see Figure 1.9). This is for the moment the most neutral funtion being able tobe ompute in a short time on the North Atlanti. Though, a point to denote is thatthe validity range of the funtion is limited to the dataset used for its onstrution andannot be used with data at low/high level of salinity or temperature.
γa (or γrf) MDougall and Jakett [2005b℄ rational approximation of γn Thisis a rational funtion depending only on salinity and temperature of 16 parameters basedon the approximation of γn. It is naturally faster and easier to ompute than γn butit still su�ers from a lak of auray. The fat that it ignores the hemispheri hangesin water-mass harateristis make it less neutral and explains a part of its di�ulty towell reprodue neutral density. Hene, there is no major improvement in approximatingneutral surfae ompared to σ2, and this funtion is far from the results of γn itself.For example, in terms of the volume estimates, γa give improvements of 23% to the σ2estimate, ompared to 63% for γn (see Figure 1.8)1.3.5 ω surfaesAiming to redue the residual �titious diapynal di�usivity and so that it is only due toneutral heliity and not due to any other e�ets, the di�erene between the approximatedensity surfae and neutral density surfae an be minimized using a least-squares ap-proah [Kloker et al., 2009℄. Based on the dataset of neutral density, these surfaes anbe improved and the slope di�erene with neutral surfaes redued. The method begins
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Figure 1.8: Perentages of the global oean data for whih the �titious diapynal isgreater than 10−5m2s−1. The right-hand bars are for the perentages of the global oeanvolume while the left-hand bars are the perentage of data pairs in the global atlas (inwhih the standard pressures are more losely spaed in the upper oean than in thedeep)[MDougall and Jakett, 2005b℄by de�ning the residue ǫ similar to the slope error s
ǫ = βΘ∇aS− αΘ∇aθ =

N2

g
s (1.37)Then this residue is minimized by a least-squares method in minimizing the term

∣∣AΦ′ − ǫinit
∣∣2 (1.38)where A is a sparse matrix ontaining the equations for every grid points, Φ′ is an addedperturbation �eld as ǫ = ǫinit +∇aΦ

′, whih will be onverted into a depth hange δz soas to orret the depth of the old surfae. Note that the term N2/g multiplied by theslope di�erene s in the expression of ǫ ats as a weight related to the stability of thewater olumn in the least-square omputation.At present, omega surfaes are the best estimates possible for approximating a neu-tral surfae. Therefore, the next step in the progress of neutral density surfaes will beomputing a dataset of ω variable based on measurements. Figure 1.9 shows that it ispossible to ahieve with ω surfaes in the North Atlanti. On the ω-surfae, there is no�titious diapynal di�usivity larger than 10−5m2s−1 with most of regions having valuessmaller than 10−10m2s−1 whih is insigni�ant ompared to the values measured in theoean.
Guillaume Sérazin TFE 2011 27
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Figure 1.9: log10(D
f) for γi (top left), γn (top right), γrf (middle left), dγEW (middleright), and (e) ω(bottom). The surfae hose, for these plots has an average pressure ofapproximately 600 dbar. The same olour sale is used in eah plot.[Kloker et al., 2009℄
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An approximate neutral density variable for the world oeans
Chapter 2Method for onstruting anapproximate form of neutral density
2.1 The nature of the approximate form γGP of neutraldensityConstruting a neutral density that is omputationally e�ient is needed for oean models.To date the modellers have relied on the use of potential density referened to 2000 dbar,
σ2,although this introdues signi�ant errors when evaluating neutral surfaes. The σ2surfaes an often be several hundred meters away from the atual neutral surfae. Theseerrors introdue �titious diapynal mixing in the onservation equations that lead tonon-realisti results ompared to the real oean. This demand has led to the onstrutionof a global polynomial γGP for neutral density, based on the approximation of a γi labelleddataset.Before introduing the proess that has been used to form a global polynomial ofneutral density γGP , it is important to larify the spei�ations that the funtion requires.In partiular, γGP is de�ned as a ombination of polynomials, that are funtions of salinityand temperature (pressure was also required for the Southern Oean), and are joinedtogether by weighting funtions of latitude. Furthermore, these funtions need to beappliable to a large range of salinities and temperatures. These spei�ations led to thedevelopment of multiple tools in order to obtain a good �t. These tools are desribed inthe following setions.The following part introdues the �rst version of γGP , whih is a funtion of PratialSalinity SP and potential temperature θ, using the old equation of state, EOS-80, forall thermodynami omputations. The tools have been developed in respet of EOS-80,a new version ould easily be produed with the new equation of state, TEOS-10, byhanging the thermodynami funtions inside the programs. Building a funtion basedon EOS-80 is not a step bak but is needed by oean modellers who urrently work withthese outputs as their models are written in terms of EOS-80. Note that these outputswill be the basis of many studies over the next few years until the models are rewrittenin terms of TEOS-10.
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An approximate neutral density variable for the world oeans2.1.1 A ombination of polynomials γpoly funtion of salinity andtemperatureEden and Willebrand [1999℄ have shown that it was possible to obtain a polynomial thatreprodues neutral surfae more aurately than σ2 on the North Atlanti (see Figure 1.9).MDougall and Jakett [2005a℄ tried to form a rational funtion, γa, approximating neu-tral density γn on the world, it was not very suessful, and the improvement was notsigni�ant in omparison to σ2. In the same paper [MDougall and Jakett, 2005a℄ pointedout the neutral limitation and explained that not onsidering the hemispheri hange wasone of the reasons of the mediore results of γa. Due to the non-linearity of neutral sur-faes and the limited amount of available data, a simple polynomial �t was not possible,thus we have opted to deompose the world oeans in several oean basin and onstruta neutral density polynomial γpoly on eah basin.The ommon neutral density variable γn is a funtion of salinity, temperature, pressure,latitude and longitude. The material derivative of neutral density γn has been derivedin MDougall and Jakett [2005a℄ and it has been shown that a hange in pressure ora displaement {x, y} introdues a false diapynal veloity whih is not due to naturalproesses in the oean. It is then required that eah of the polynomial γpoly formingthe global funtion γGP have the quasi-material property that is being only a funtion ofpotential temperature θ and Pratial Salinity SP . Nevertheless, we will see later that thefuntion near the Antartia in the Southern Oean is also pressure dependent. It is verydi�ult to obtain a funtion lose to being neutral without adding a pressure term. Thezipping introdues the variables of latitude and longitude but these funtions are hosensuh that they do not introdue a strong dependene in spatial oordinates. The errorintrodued by the pressure and latitude terms will be disussed in the results hapter, itwas neessary to aept the ompromise between the two properties of a density surfae,those of being neutral and quasi-material.2.1.2 Range of validity: from fresh water to a warmer and olderoeanAs oean models require an equation that is valid over a wider range than that found in anhydrographi atlas, γGP has been de�ned to be valid on a range of Pratial Salinity from
0 to 40 psu. Thereby, γGP an be applied to fresh water and salinity values greater thanthose typially found in the atual oean. The potential temperature range is de�ned fromthe freezing line on the salinity-temperature diagram to 40◦C. Oean models, partiularlythose that are being used to ompute limate hange, require a funtion that works withfresh water in order to simulate river out�ow into the oean and also deal with an oeanthat is either warmer or older than our oean is today.2.1.3 Datasets used and deomposition of the world oeansDeomposing the world oeans into workable basins is not trivial and has been the fruit oflong thinking and many tries. The �rst thought was to onsider eah oean the Atlanti,the Pai� and the Indian, as a northern and a southern part. Experiene has shownthis was not neessary. A polynomial ould �t on southward extended versions of theGuillaume Sérazin TFE 2011 30
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Figure 2.1: Deomposition of the world's oeans into regions used for �tting polynomials.The regions overlap to allow zipping between the funtions for eah basinNorth Pai� and the North Indian. This required a northward extended version for theSouthern Oean. The Southern Oean stayed a long time an objet of thinking beause ofhigh gradients in temperature and salinity lose to Antartia. An example that highlightsthe di�ulties whih have been enountered is the Weddell Sea. It an be observed onFigure 2.2, that vertial gradients in temperature and salinity are large lose to the surfaeand lose to the irumpolar urrent by the density of their isolines. Isopynals of γn followthis tendeny and are onentrated in the same regions. The strong variation in neutraldensity ompared to what happens further north where isopynals look �at is a di�ultthing to reprodue. The initial idea was to deompose the Antartia oast into severalparts. But the real problem appeared to not be here but more a ompetition between thedeep and the shallow parts. The last deomposition of the world oeans, whih was usedfor the �tting, is shown by Figure 2.1 and given by:North Atlanti : from 20◦S to 60◦NSouth Atlanti : from 50◦S to 20◦NNorth Pai� : from 50◦S to 60◦NNorth Indian : from 50◦S to the oastArti Oean : from 50◦N to the North poleSouthern Oean : from the South pole to 20◦SEah oean basin is brie�y desribed in Appendix A and haraterized by its salinity-temperature diagram. γGP isopynals are also plotted for the range previously de�ned(0/, g.kg−1 ≤ SP ≤ 40/, g.kg−1 & θfreezing ≤ θ ≤ 40◦C).Guillaume Sérazin TFE 2011 31
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Figure 2.2: Setion A23 along a latitude of 30◦W of the Hydrographi Atlas of theWorld Oean Cirulation Experiment(WOCE). It starts from the Wedell Sea to the SouthAtlanti. The �rst graphi shows Pratial Salinity, the seond potential temperature, andthe last is neutral density γn. The strength of the gradient in temperature and salinityindues a strong variation in isopynals of neutral density. The southern shallow part ofthis setion possess a strong gradient in neutral density ompared to the northern part.[?℄
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An approximate neutral density variable for the world oeans2.2 Fitting method to obtain a polynomial γpoly on anoean basinThe onstrution of the global polynomial neutral density γGP began with the onstrutionof a polynomial on an spei�ed oean basin. The major part of the work resides atu-ally in obtaining a �t that ahieves the spei�ations previously de�ned, and the globalpolynomial is simply a ase of joining of all the polynomials γpoly. Then, the proess ofmaking a γpoly funtion on an oean basin is atually a ombination of several steps alllinked together. Figure 2.3 depits the method with its di�erent steps and feedbaks. Itan be seen that the dataset is the basis of the proess, any errors in the original datasetare arried through to the �nal produt. The dataset of Levitus limatology [Levitus,1982℄ labelled with γn and the World Oean Cirulation Experiment (WOCE) limatol-ogy [Gouretski and Koltermann, 2004℄ labelled with γi has been used for onstrutingthe funtion γGP . The �rst one allowed to see that it was possible to have a orret �tin eah basin. Nevertheless, beause of simplisti averaging and being based on smallobservational dataset the Levitus limatology hasn't been used to design the �nal formof γGP . Then, the �nal produt has been built with the WOCE limatology. Further-more, as the tehnology of γi is now operational (see ? for improved results in de�ningneutral surfaes using γi), it has been used to label the WOCE limatology and obtainan aurate dataset desribing neutral tangent planes.Then, from the omplete dataset an oean basin from the previous list is extratedand is plotted on the salinity-temperature diagram. This allowed the dataset an be re-�ned and extrapolated using two di�erent methods, the �rst one based on the de�nitionof neutral tangent plane (setion 2.4.1), the seond one on the de�nition of neutral den-sity(setion 2.4.2). The re�ned dataset labelled with γi is �tted in a least-square sense tothe form the polynomial. Afterwards, to evaluate the relevany of the �t and haraterizeits apability of being lose to neutral surfaes, three methods are suessively employed:(i) the Root Mean Square di�erene and the maximum di�erene between the referene
γi and the polynomial γGP(ii) omparison between the vertial gradient along the water olumn of ρlocal, γGP and
γi,(iii) the evaluation of the �titious diapynal di�usivity Df introdued by γi, σ2 and
γpolyNote that they do not ahieve the same goal in the sense where (i) and (ii) haraterizeshow lose γGP is from γi. (ii) allows to see if the vertial gradient of γGP is alignedwith the vertial gradient of ρ. (iii) is the best method to evaluate the error whih theapproximate surfae introdues. Note that the third is omputer intensive so it is the laststep of evaluating the polynomial.A Graphi User Interfae (GUI) has been developed in Matlab for this proess, basedon the shema of Figure 2.3. It provided the ability to entralise all the funtions andhave more e�ient method to aess to the di�erent parameters suh as the power of thepolynomials and the added data. Note that the extrapolating part is another interfaewhih has an interative salinity-temperature diagram to add arti�ial data. It is desribedin one of the following setions.Guillaume Sérazin TFE 2011 33
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Figure 2.3: Shema desribing the iterative proess and the di�erent steps used for �ttinga γ label on an oean basin. Beause of an important number of parameters, loops areneessary before ahieving a orret �t. (NOK=Not OK)2.2.1 Linear systemIn order to build the polynomials γpoly from a dataset labelled with γi, we have to presribewhat sort of polynomials is required. In order to produe a funtion that is lose to neutral,the polynomials need to depend only on salinity and temperature. Nevertheless, we willsee later that some regions require an additional pressure term to give good results. It hasbeen also deided for reasons of simpliity and su�ieny to look for polynomials withinteger exponents. The linear system to solve is given by
K.A = Γi (2.1)Where the matrix K ontains the unknown oe�ients of the polynomials, A ontainsthe value Pratial Salinity and potential temperature at eah power less han n whih inother words onstitute the basis vetors (note that it inludes ross produts). Γi ontainsthe value of the referene label γi. Weights w an also be inluded in A and Γi in orderto add one more degree of freedom in the �tting and redue the in�uene of outlyingdata. The size of the dataset used is noted by L and it orresponds to the total number
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An approximate neutral density variable for the world oeansof equations of the system.
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The system is solved by using the Moore-Penrose pseudo-inverse giving the solutionin a least-square sense. The pseudo inverse an be omputed using the Singular ValueDeomposition. All of this is implemented in the MatLab funtion pinv() and it hasbeen used for obtaining the solution.2.2.2 Introdution of weights in the �ttingSome plaes suh as the Antarti region and the Arti ontain a lot of data with lowbuoyany frequeny N2. Thus, the stability of the vertial strati�ation is small in theseplaes. Suh data introdue a lot of noise in the �tting. Therefore, it ould seem judiiousto insert a weight in the �t taking aount of these low stability points and N2 is quiteappropriate to the situation.
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(2.3)The weights have been tested on di�erent oean basins, their in�uene vary depending onthe basin. It gave good results for ertain range of pressures to the detriment of a loss ofauray for another range. In other words, the weights were too strong and skewed the�t only in one diretion. In general, it has been observed that a high value of ǫ gives morein�uene to the shallow waers whereas low value weights at more on the deep waters.After several tries, its use was abandoned beause the improvement was not signi�antand di�ult to ontrol.2.2.3 Antartia partiularityIt was di�ult to obtain a orret �t lose to the Antartia using only salinity andtemperature. The ie-sea interation produes large gradients in temperature and salinity.It was not possible to reprodue this phenomenon with only a single polynomial funtion ofGuillaume Sérazin TFE 2011 35



An approximate neutral density variable for the world oeanssalinity and temperature on the Southern Oean. The oean required another polynomialto desribe the shallow part lose to Antartia. In an attempt to obtain a better �t, twoterms were added to the �tting:
• a pressure envelope: as the strongest gradients our in the shallow part, (namelyabove 1000 meters), it was hosen to introdue a pressure term in an exponentialform, exp

(
− P

p0

). The advantage is that this term has negligible e�et at highpressure so that it is appropriate to this �tting.
• a temperature envelope: as the strongest gradients our in the southern side ofthe Antarti Cirumpolar Current, it was deided to introdue a term with anhyperboli tangent funtion of temperature to simulate its shape, th

(
θ−θ0
τθ

). Itvanishes on the northern side of the Antarti Cirumpolar Current.Thus the new linear system for the Southern Oean beomes:
K.A+Q.B.exp

(
−P

p0

)
.th

(
θ − θ0
τ θ

)
= Γi (2.4)Where Q and B are similar to K and A but ontain less terms. Adding a pressure termis not desired beause it may produe a false diapynal di�usivity when running in oeanmodels. Nevertheless, this solution gives good results to desribe neutral surfaes in theAntartia region and will see later how to quantify the introdued error using the pressureterm. The onstants were determined after several tries and is the result of a ompromisebetween the quality of the results in the two parts (Antarti oastline and the rest of theSouthern Oean). p0 has been set to 700 dbar, θ0 to 2.5◦C and τ θ to 0.65◦C.2.3 Evaluation of the errorSeveral methods are used to haraterize the quality and the auray of the �t. As welook for an approximate funtion, the �rst way to evaluate the error is obviously the RMSdi�erene and the maximum di�erene between the label γi and the approximate funtionevaluating on grid points. It gives an idea if the �tting is going in the right diretion.However it is not su�ient to evaluate the property of the funtion to be neutral. That'swhy several tools have been developed and are introdued in the following setions.2.3.1 Comparison of the vertial gradientThe variation of the vertial gradient of γpoly with inreasing depth is ompared to those ofloally referened potential density, and γi. It has been already shown that ∇γi = b∇ρθlocand beause γi follows the aim of being as lose as possible to neutral, this fator variesin the oean depending on spae It is possible to generalize the fator b, assuming that

∇γpoly = bpoly∇ρθloc to see how γpoly behaves with inreasing depth. One last thing whihan be plotted is the vertial gradient of γpoly ompared to γi and it gives a good insight asto how lose the �t is to Neutral Density. Note that the polynomial de�ned by Eden andWillebrand [1999℄ aims to keep the salar b lose to one, in order to stay quasi-material.Guillaume Sérazin TFE 2011 36
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Figure 2.4: Windows plotting the evolution with depth of the vertial gradient of γi (leftup) γpoly(right up) in omparison with the evolution of the vertial gradient of ρθloc. Theplot at the bottom is the evolution of the vertial gradient γpoly ompared to γi. Thedataset used is the North Atlanti oean basin extrated from the WOCE limatologylabelled with improved neutral density. The results are plotted for the the last polynomialin date γpoly NA.2.3.2 Fititious di�usivity evaluationEvaluating the false diapynal di�usivity sometimes alled �titious di�usivity is the bestway to see how far a density funtion is from being neutral. It has been seen in the �rsthapter (equation (1.31)) that the di�usivity an be omputed by the lateral di�usionoe�ient K = 1000m2.s−1 multiplied by the square of a slope di�erene s2 between theapproximate neutral surfae and the neutral tangent plane.To ompute the �titious di�usivity, multiple programs had to be developed. Theheart of the ode is a program allowing the determination of the intersetion of a neutraltangent plane on a neighbouring ast starting from a bottle. A �rst algorithm produedby David R. Jakett has been made more e�ient. The new proess is as follows:
• One looks for the simple approximation of a neutral tangent plane by �nding thelosest pressure in the neighbouring ast by minimizing the di�erene between thepressure of the bottle and the pressure of a bottle in the neighbouring ast. ThisGuillaume Sérazin TFE 2011 37
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Figure 2.5: Slope di�erene between a density surfae and the neutral tangent plane. Eahintersetion pntp and pγ is determined by �nding the two bottles of the neighbouring astbetween whih the density variable of the studied bottle (ρθl for neutral tangent plane,and γpoly for the approximate neutral density ) is inluded. The position between the twobottle is then approximate using a Newton-Rahpson method.will be the starting point for the next part.
• Then, one studies the di�erene in loal potential density between the bottle and abottle of the neighbouring ast. Aording to the sign, one looks for the denser orless dense point. In this way, one �nds an area where the loal potential density ofthe studied bottle is inluded between two bottles of the neighbouring ast.
• The rossing point is �nally approximated by a Newton-Raphson method.This program is more e�ient than the original version beause the Newton-Raphsonresolution required searhing the entire neighbouring ast for eah bottle on the startingast wih was very time onsuming. Performing on the Levitus [Levitus, 1982℄ dataset of

33 pressure layers, with a resolution of 4◦ in latitude and 4◦ in longitude, 133650 points,the omputation was seven times faster than the original version.One the intersetion has been found, the di�erene in pressure between the approxi-mate neutral surfae and the neutral tangent plane δp is onverted into a depth di�erene
δz. With δx the distane between the studied bottle and the neighbouring ast, the slopedi�erene is then omputed with the simple geometri relation:s = δz

δx
(2.5)Figure 2.3.2 desribes the formation of the slope di�erene after having solved the inter-setion between the studied bottle and the neighbouring ast.
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γa (γpoly or σ2), starting from the same referened bottle. The intersetion with theneighbouring asts is found by the same program used to determine the slope di�erene(setion 2.3.2). The two surfaes oinide exatly at the referene bottle.2.3.3 Di�erene in pressure between di�erent density surfaesAn algorithm similar to the di�usivity program has been developed to �nd the intersetionof a density surfae with all the asts of the dataset. The density surfae starts from areferened bottle, the intersetions of this spei� value with all the asts of the datasetare determined using the same algorithm as in the slope evaluation (setion 2.3.2). Thesurfae is built by joining all these intersetions. It allows us to evaluate the error indepth that the use of the approximate surfae introdues. Figure 2.3.3 shows the buildingof the surfae of γi whih is lose to neutral surfae and an approximate surfae γa. Byonstrution, the two surfaes oinide at the referened bottle.2.4 Data extrapolationTrying to make a �t only with the data provided by a dataset (WOCE limatology orLevitus) does not give robust results when used in oean models. It is su�ient to lookat the shape of γpoly isopynals on the salinity-temperature diagram to realize that thevalidity �eld is narrow. Areas exist where isopynals have too muh degree of freedombeause they are void of any data to onstrain the �t. In order to inrease the validityrange of the γpoly funtion and allow it to desribe a sale larger than the atual oean,a way to add some data in these regions had to be found. One partiular goal is tohave orret isopynals near values of Praital Salinity of 0/, g.kg−1 in order to be ableto desribe fresh water. Two ways have been developed to ahieve these aims and areintrodued in the following setions.Guillaume Sérazin TFE 2011 39



An approximate neutral density variable for the world oeans2.4.1 Extension in a neutral wayThe �rst method is based on the thought experiment of displaing a point along a onstantline of potential density and at onstant pressure. In this partiular ase, potential densityoinides exatly with loal potential density beause of the onstant pressure. One thetemperature-salinity point has been formed (at onstant potential density), the new pointis labelled with the same value of γi. It means that we onsider that γi is onstant along aneutral surfae and this hypothesis seems judiious when γi obviously aims to reprodueneutral tangent planes. Consequently, adding some data with this priniple allows us toonstrain the extended �t γpoly in the neutral sense.This iterative proess is shown by Figure 2.7. Taking a bottle of the dataset, the�rst step is to ompute its potential density ρθ = ρ(SP , θ, p). Then, we hoose a step inpotential temperature ∆θ in an arbitrary way to reate a new bottle and we label it withthe same potential density and pressure. The hange in salinity is therefore omputedusing the inverse funtion.
SP +∆SP = SP (ρ

θ, θ +∆θ, p) (2.6)The �nal point is the labelling of the reated bottle by the same γi value. The inversefuntion is based on the method used in the funtion gsw_SA_from_rho() from theGibbs Seawater (GSW) Oeanographi Toolbox [MDougall and Barker, 2011℄. As it hasbeen designed for the new equation of state TEOS-10 [IOC et al., 2010℄, a version hasbeen developed to be used with the old equation of state EOS-80. The value of salinityis found using the iterative method alled the Newton-MDougall method [?℄, whih is amodi�ation of the standard Newton method. The iterative proess an be written usingthe spei� volume v = 1/ρ:Initial ondition: S1
P = S0

P − v(S0
P , θ

ref , pref)− vref

∂v

∂SP

∣∣∣∣
est

θ,pfor i ≥ 0, S2i+2
P = S2i

P − v(S2i
P , θ

ref , pref)− vref

v′i

S2i+3
P = S2i+2

P − v(S2i+2
P , θref , pref)− vref

v′i

with v′i = ∂v
∂SP

∣∣∣
(1/2(S2i

P
+S2i+1

P
)),θref ,pref

(2.7)
This reent method ahieves onvergene order √2+1 against 2 for the standard one.In this partiular ase, only two iterations are su�ient to �nd the value of SP with anerror under 8.10−13, whih is equivalent to mahine preision.What is remarkable with the method of extending data along a surfae of onstantloally referened potential density is that it an be used to onstrain the slopes of isopy-nals. Where Eden and Willebrand [1999℄ de�ned a minimum ondition based on thepartial derivative of their density variable γEW , we are able to onstrain isopynals usingthis tehnique over a partiular area on the salinity-temperature diagram. In respetof the notation partial derivative of potential density, the gradient γpoly an be writtenGuillaume Sérazin TFE 2011 40



An approximate neutral density variable for the world oeans
b

b

∆SP

∆θ

ρθ = cste

neutral surface

γi
2 = γi

1

γi
1

p = cste

SP

θ

Figure 2.7: Displaement of a point along a neutral surfae in the salinity-temperaturediagram and labelling with the same value of γi in order to reate new data points. Thestep in temperature ∆θ is arbitrarily hosen and the step in salinity ∆SP is derived byan inverse method.with αpoly = − 1
γpoly

∂γpoly

∂SP
and βG = 1

γpoly

∂γpoly

∂θ
so that the two following equations an bewritten.

∇(ln ρθl ) = βθ∇SP − αθ∇θ
∇(l nγpoly) = βpoly∇SP − αpoly∇θ

(2.8)By de�nition, if the point is displaed along a neutral tangent plane βθ∇nSP−αθ∇nθ = 0.If γpoly is also onsidered onstant along this surfae, then βpoly∇nSP −αpoly∇nθ = 0. Asthis is true for every variation of SP and θ, this implies that the slopes are equal, thatis αpoly = α and βpoly = β. This method gives good results and allow the use of ahigh power for the polynomial in an attempt to improve its auray. This method hasits limitations, it an be used to extrapolate isopynals to inreasing salinity, but whenapplied to dereasing salinity, the isopynals tend to onverge in a small area as shown onFigure 2.7. Therefore, this method has been used intensively in the right quadrant butarefully in the left quadrant of the salinity-temperature diagram.2.4.2 Extension at onstant b for the shallow and deep partsThe seond method is based on the mathematial de�nition of γi. ? remind us that foran oean {SP , θ, p, longs, lats} the neutral strati�ation problem has a solution if we an�nd a salar variable b(x, y, z) satisfying
∇γ = bρ(β∇SP − α∇θ) = b(∇ρ− ρκ∇p) (2.9)If the pressure is maintained onstant, the gradient in γ is therefore diretly relatedto the gradient in density. Considering few layers near the surfae, the pressure an beonsidered onstant and a mean value of b an be determined by the hange in potentialdensity. As b is only dependent on spatial oordinates, it is a harateristi of a regionin the oean and an vary aording to the oean basin. At depth, the mean b, b, isomputed using the hange in loally-referened potential density. Regarding the shallowGuillaume Sérazin TFE 2011 41
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Figure 2.8: Displaement of a point labelled with γi
1 on the salinity-temperature diagramand �nding the orresponding isopynal using a onstant value of b and at onstantpressure. The step in salinity ∆SP and in temperature ∆θ are hosen arbitrarily. Thesketh desribes the priniple for the shallow data extrapolation, the proess is similar forthe deep datapart, the horizontal gradient has been used to ompute b. In pratie, it is omputedon several pressure levels and the averaging is done on the results. Figure 2.8 showsthe proess. Taking a bottle of the dataset, as in the previous method, the �rst stepbegin with the omputation of its potential density ρθ = ρ(SP , θ, p). Then, we hooseboth a step in potential temperature ∆θ and in salinity ∆SP , one again in an arbitraryway, and reate a new bottle. The hange in potential density is therefore omputed

ρθ + ∆ρθ = ρ(SP +∆SP , θ + ∆θ, p) in order to label this arti�ial bottle with γi. Usinga mean value of b, b, the hange in gamma is de�ned by
∆γ = b∆ρθ (2.10)

2.4.3 Interative salinity-temperature diagramIn order to re�ne the dataset, another GUI interfae was reated in MatLab. The originalidea was to be able to quikly selet a part of the dataset and extrapolate it. Thisallows the user to selet water masses using a �lter (pressure, latitude, longitude, and
γi), extrapolate without reating arti�ial water masses using the method of onstantloally referened density (Setion 2.4.1). Seond tehnique was also added a �lter inneutral density for use on the shallow or deep parts of the data (Setion 2.4.2). The useof interative sidebars provide visualisation and easy aess on the added data.
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Figure 2.9: MatLab GUI designed for plotting and extrapolating the data of an oeanbasin on the salinity-temperature diagram. The data of the North Pai� (WOCE li-matology) is plotted on the salinity-temperature diagram. The data is olourized bypressure, (blue for low pressure and red for high pressure). The blue line at the bottomrepresents the freezing line at p = 0. Isopynals of σ0(red), σ2(green) and σ4(blue) areplotted on partiular region of the diagram. The green data on the left is extrapolatedusing at onstant value of b in the shallow data(Setion 2.4.2). The green data on theright is extrapolated in a neutral way (Setion 2.4.1).2.5 Zipping methodIt is di�ult to obtain an aurate �t on the all the world oeans, γGP has been deom-posed into polynomials on eah oean basin. In order to form a global funtion, thesepolynomials must be able to ommuniate between the di�erent basins. The horizontaldeomposition between the Atlanti, Indian and Pai� an be obtained using hara-teristi funtions based on the natural frontier made by the oastline. Three horizontaljuntions have been onstruted between oean basins:
• Arti oean and North Atlanti: splitting at 50◦N with a range of variation of 20◦
• North Atlanti and South Atlanti: splitting at the equator with a range of variationof 20◦ Guillaume Sérazin TFE 2011 43



An approximate neutral density variable for the world oeans
• Southern oean: splitting at 40◦S with the Pai�, Indian and South Atlanti oean,with a range of variation of 20◦Weighting funtions with a sinusoidal form were used to make these joints. The southernweighting funtion an be expressed under the form:

wsouth(λ) = χ[−90◦,λmin[ + χ[λmin,λmax]. cos

(
π

λ− λmin

λmax − λmin

) (2.11)Where χ[a,b[ is a harateristi funtion and is equal to 1 when a ≤ λ < b and 0 when b ≤ λ.
λmin and λmax are respetively the southern and northern boundaries of the zipping. Thenorthern weighting funtion is simply wnorth = 1−wsouth. Figure 2.10 shows the shape ofthe weighting funtion for the South Atlanti. This sort of funtion has been espeiallyhosen beause of the smoothness of its gradients. Note that adding this weighting inspatial oordinates introdues a dependene in spae for the �nal form of γGP so thatthe approximate neutral density looses the property of being quasi-material, i.e. beinga funtion only of salinity and temperature. Figure 2.11 shows that the derivative ofweighting funtion has its maximum at the enter of zipping regions and is zero outside.
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Figure 2.10: Weigthing funtion between North and South Atlanti. γpolySA is multipliedby this funtion. South of −10◦, the funtion is equal to one. North of 10◦, it is equalto zero. On the zipping area it hanges in a sinusoidal way, the tangent on the edges isequal to one in order to avoid disontinuities.
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Figure 2.11: World map of the derivative of weighting funtions. It shows the di�erentzipping regions between the oean basins. The derivative is maximum in the middle ofthe zipping area and reahes zero on the edges to limit strong dependene in latitude
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An approximate neutral density variable for the world oeans
Chapter 3Delivered produt and results
3.1 γpoly on oean basins on the WOCE limatologyAll of the methods and the toolbox developed in the seond hapter have been applied tobuild polynomials γpoly for eah oean basin approximated γi omputed on the WOCElimatology. It was found that the amount of false diapynal mixing (i.e. the error in the�t) was strongly dependant on the quality of the original labelled dataset. Three surfaesof onstant pressure were hosen to desribe the shallow (505 db), the middle (2534 db)and the deep (4069 db) parts of the oean. The �titious diapynal di�usivity is plottedon these three surfaes for neutral density γi and potential density referened to 2000 db
σ2 (see Figures 3.2 and 3.3). γpoly aims to desribe more aurately neutral surfaes than
σ2 in order to replae it in oean models. It is then important to be able to quantify theimprovement of γpoly ompared to σ2. It is also judiious to be able to ompare how lose
γpoly is from γi in terms of being neutral. In the following setions, we will use the ommonterm in oeanography of water mass whih is distintive body of water haraterized byranges of temperature and salinity and having a ommon formation history.After onsiderable e�ort it was deided that the data in the Arti was of very lowquality. Gouretski and Koltermann [2004℄ indiate that there are very few oeanographiobservations in this region. This is not surprising sine muh of the Arti irle remainsfrozen for most of the year whih makes it very di�ult for sientist to sample the oean.Analysis of the γi dataset revealed that it ontained a lot of false diapynal mixing whihaused the �t to be very unneutral. Consequently, at present, it is not possible, to buildneutral density γpoly on the Arti oean beause of the lak of workable data. A newlimatology has to be done and labelled with γi before trying to make a polynomial �t.The oe�ients of the polynomials whose the results are introdued in this hapter areavailable in Appendix A.3.1.1 North AtlantiThis study began with the North Atlanti where a previous polynomial funtion of neutraldensity γEW already exists [Eden and Willebrand, 1999℄. Their funtion was built in adi�erent way ompared to our �tting proess. They tried to make the vertial gradient ofthis neutral density variable lose to the vertial gradient of in situ density. However, thefuntion gives good results in terms of being lose to neutral as Figure 3.1 shows. γEWGuillaume Sérazin TFE 2011 47



An approximate neutral density variable for the world oeanshas 69% derease in �titious di�usivity less than 10−5m2s−1 ompared to σ2 whereas γigives improvements of 87%. The funtion does not ahieve the spei�ation of working ona wide range of salinities. Figure 3.4 shows that the validity range is only 32 → SP → 36and θfreezing → θ → 27◦C whih is not su�ient to be used in oean models.The �rst version of γpoly was built by extending the data using the tehnique desribingin setion 2.4.1 (i.e. displaing data at onstant loally referened potential density andonstant pressure). Its isopynals have good shapes on the high salinity setion of thesalinity-temperature diagram as shown in Figure 3.4, note that the validity range is alreadywider than γEW . It also gives an improvement of 62% in di�usivity less than 10−5m2s−1ompared to σ2 (see Figure 3.1). Nevertheless, this funtion does not ahieve the propertyof being valid at low salinity values. The isopynals on the salinity-temperature diagramof γpoly of Figure 3.4 are not well de�ned in the Pratial Salinity range from 0 to 30.In order to inrease the validity range of γpoly, the seond method of data extrapolationtaking a onstant value of b was used (setion 2.4.2). Adding few points from the originaldataset onstrained the shape of the isopynals and gave the results of γpoly(shape) onthe salinity-temperature diagram (Figure 3.4). The onsequenes of adding data in thisway are important to the auray of the �t. It has also inreased the amount of datawith Df > 10−5m2.s−1 by 33% ompared to the previous version. The improvementompared to σ2 has dropped to 42%. We will see in a further setion that the loss isnot as signi�ant in other oean basins and that it is possible to obtain good extendedisopynals without degrading the quality of the funtion of being lose to neutral. It isdi�ult in the North Atlanti beause of the Labrador Sea where gradients in salinityand temperature are important. On the salinity-temperature diagram (Figure 3.4) theshallow water has salinities and temperature that are very lose to those of the deep waterwhih auses the isopynals to onverge. Moreover, γi is not very aurate in the deeppart as we an see on Figure 3.2.The polynomial seleted for the global version of γGP is γpoly(shape) beause it hasthe required properties for our neutral density approximation. Other results are given byFigure 3.5 whih shows that the di�usivity greater than 10−5m2.s−1 is onentrated tothe shallow parts of the Labrador Sea. Oean proesses are di�ult to reprodue in thisregion without having a better γi labelled dataset. γpoly is even better than γi at depthas there is less data with Df larger than 10−5m2.s−1.Figure 3.5 also shows that the di�erene between a γi surfae of 28.05 kg.m3 and a
σ2 surfae of 37.019 kg.m3 is roughly 100m whereas the di�erene between this same γisurfae and le γpoly surfae is not more than 10m in the North Atlanti. Note that both
γ surfaes do not have exatly the same value. Therefore, the error in depth might beless than 10m for the exat value.
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Figure 3.2: Referene maps of the deimal logarithm of the �titious di�usivity Df onthree onstant pressure surfaes of 505, 2534 and 4069 dbar (from the top to the bottom)for γi omputed on the WOCE dataset and used for the �tting.
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Figure 3.3: Referene maps of the deimal logarithm of of �titious di�usivity Df ononstant pressure surfae of 505, 2534 and 4069 dbar (from the top to the bottom) for σ2omputed on the WOCE dataset.
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Figure 3.5: The deimal logarithm of the �titious diapynal di�usivity Df of γpoly onthe North Atlanti oean is plotted on three surfaes of onstant pressure 505 (top right),
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An approximate neutral density variable for the world oeansFigures A.2, A.3 and A.4, and it an be seen that the funtions γpoly are valid up to lowsalinities and values of potential temperature up to 40◦C.
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Figure 3.6: South Atlanti oean results. Frequeny of the deimal logarithm of the�titious diapynal di�usivity Df (top left) and perentage of �titious diapynal veloitygreater than 10−5m2.s−1 (middle left) ompared between γi, σ2 and γpoly. The threedensity surfaes of γi, σ2 and γpoly are plotted on a North-South setion along 334◦Edesribing the same neutral surfae (bottom right). The deimal logarithm of the �titiousdiapynal di�usivityDf of γpoly is plotted on three surfaes of onstant pressure (505, 2534,and 4069 db) (left side).
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Figure 3.8: North Indian oean results. Frequeny of the deimal logarithm of the �-titious diapynal di�usivity Df (top left) and perentage of �titious diapynal veloitygreater than 10−5m2.s−1 (middle left) ompared between γi, σ2 and γpoly.The three den-sity surfaes of γi, σ2 and γpoly are plotted on a Nort-South setion along 56◦E desribingthe same neutral surfae (bottom right). The deimal logarithm of the �titious diapynaldi�usivity Df of γpoly is plotted on three surfaes of onstant pressure (505, 2534, and
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An approximate neutral density variable for the world oeansapproximate neutral surfaes. Something notieable is that γpoly is able to better desribethe deep water than γi. The bottom left plot of Figure 3.9 shows the pressures along aNorth South setion at 198◦E. It ontains the three types of density surfae onsideredhere (σ2, γi and γpoly), note that these surfaes all oinide at (28◦E, 58◦S) and a pressureof 606 db. It an be seen that both γi and γpoly are quite lose together whereas σ2 isroughly 200m shallower in the south yet is in exess of 200m deeper in the north.The shape of the isopynals are shown on salinity-temperature diagrams in appendixA for referened pressure of 0 db and 4000 db (Figure A.5 and A.6). Beause γpoly dependson pressure in the Southern Oean, isopynals for shallow water and deep water has beenplotted. Note that at 0 db, isopynals are valid at low salinity whih indiates that the
γpoly �t is valid for fresh water. A variation in the shape is observed around values ofpotential temperature of 2◦C whih is due to the tangent hyperboli envelop to desribethe frontier of the irumpolar urrent.
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Figure 3.9: Southern Oean results. Frequeny of the deimal logarithm of the �titiousdiapynal di�usivity Df (top left) and perentage of �titious diapynal veloity greaterthan 10−5m2.s−1 (middle left) ompared between γi, σ2 and γpoly.The three density sur-faes of γi, σ2 and γpoly are plotted on a North-South setion desribing the same neutralsurfae (bottom right). The deimal logarithm of the �titious diapynal di�usivity Df of
γpoly is plotted on three surfaes of onstant pressure (505, 2534, and 4069 db) (left side).
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An approximate neutral density variable for the world oeans3.2 γGP applied to the world oeansOne all polynomials γpoly have been onstruted on eah oean basin and it has beenseen that they desribe neutral surfaes better than σ2, the last step is to ombine allthese funtions to form γGP . This has been be ahieved through the use of the zippingfuntions introdued in setion 2.5. One ould think that the results will be similar tothose from eah of the oean basin when they were studied independently. However, thezipping introdued variations of the surfae slope whih have an impat on the neutralityof the global polynomial γGP . The following setions highlight the error introdued bythe ombining of the polynomials and suggests an explanation of the origin of this error.
γGP was tested the WOCE limatology used for the �tting and on a snapshot theoean model MOM4 where it gave results better than σ2 in terms of �titious diapynaldi�usivity. In the following setions, the Arti Oean and the Mediterranean Sea are notinluded in the results of global di�usivity beause a orret polynomial does not exist onthese regions. A better dataset is required to obtain γpoly funtions for these regions. Wedid attempt to use the North Atlanti γpoly funtion for these two regions, however wenote that the resulting �titious diapynal di�usivity is very large whih is to be expetedas the water masses are quite di�erent.3.2.1 WOCE limatologyThe WOCE limatology [Gouretski and Koltermann, 2004℄ was used for building all the

γpoly funtions. Consequently, the global polynomial γGP was tested �rst on this dataset.Figure 3.10 shows that the mean value of �titious diapynal di�usivity Df is less highthan σ2. The area under the urve of di�usivity of γpoly greater than 10−5m2.s−1 is smallerthan for σ2, but higher than for γi. In omparison to σ2, it represents an improvement of
30.3% for γGP against 71.3% for γi.The onsequenes of the zipping an be observed with the piture of the bottom ofFigure 3.11 whih desribes a level of onstant pressure at 4069 db. Bands of �titiousdiapynal di�usivity that are larger than those observed in the surrounding areas arepresent on the zipping regions, with di�usivity sometimes greater than 10−5m2.s−1. Un-fortunately, it generates non negligible errors in diapynal di�usivity and dereases theoverall quality of the funtion. If we are able to redue the harmful e�et of the zipping,
γGP will beome more aurate and be able to orretly desribe neutral physis. Notethat the zipping only introdues �titious diapynal di�usivity greater than 10−5m2.s−1in the deep layers. Figure 3.11 shows that in the shallow part the introdued error is notsigni�ant.
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Figure 3.10: On the left, frequeny of the deimal logarithm of the deimal logarithmof the �tious diapynal di�usivity Df . On the right, perentage of �titious diapynalveloity greater than 10−5m2s−1. The results are ompared between σ2, γGP and γi onthe WOCE limatology used for the polynomial onstrution3.2.2 Test on the oean model MOM4The original goal was to design a funtion that an be used in oean models. In orderto test γGP , we applied the funtion on a snapshot extrated from the MOM4 oeanimodel. The Modular Oean Model (MOM) is a numerial representation of the oean'shydrostati primitive equations. It is designed primarily as a tool for studying the globaloean limate system, but with reent enhane apabilities for regional and oastal appli-ations. MOM4 is the latest version of the GFDL oean model whose origins date bak tothe pioneering work of Kirk Bryan and Mike Cox in the 1960s-1980s. It is developed andsupported by researhers at NOAA's Geophysial Fluid Dynamis Laboratory (GFDL).The results on this snapshot are shown in Figure 3.12 the distribution of di�usivity for
γGP is entred around lower di�usivity value ompared to σ2 (namely 10−8 for γGP and
10−7 for σ2). This also represents 45% improvement in terms of di�usivity greater than
10−5m2.s−1 ompared to σ2. Figures 3.13, 3.14 and 3.15 show maps of the distribution of�titious diapynal di�usivity on the world oeans at depths near 450, 2600, and 3880m.The regions that have strong salinity and temperature gradients are better desribedby γGP than σ2. It an be seen in Figure 3.13 that the Sea of Okhotsk, the SouthernOean, the North Atlanti tropial regions and the Arabian Sea are signi�antly lower indi�usivity for γGP than for σ2. The Labrador Sea and the Weddell Sea are the parts ofthe oean that are still di�ult for γGP to desribe. We know that the dataset and theGuillaume Sérazin TFE 2011 59
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Figure 3.11: Map of the deimal logarithm of the �titious di�usivity Df at onstantpressure of 505, 2534 and 4069 dbar (from the top to the bottom) for γGP omputed onthe WOCE dataset used for the �tting.
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An approximate neutral density variable for the world oeans
γi label used for onstruting the polynomials were not as aurate in these regions asthey were in the rest of the oean. On Figure 3.14 we an see the e�et of the zippingwhere it results in bands of large �titious diapynal di�usivity. The error in di�usivitystays under 10−5m2.s−1 for the majority of the oean. Figure 3.15 shows that γGP givesbetter results than σ2 in terms of being lose to neutral at depth, in partiular in theNorth Pai�. Nevertheless, the e�et zipping beomes more important at this depth andit introdues di�usivity greater than 10−5m2.s−1.
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Figure 3.12: On the left, frequeny of the deimal logarithm of the �tious diapynaldi�usivity Df . On the right, perentage of �titious diapynal veloity greater than
10−5m2.s−1. The results are ompared between σ2 and γGP on a snapshot of the oeanmodel MOM4
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An approximate neutral density variable for the world oeans

Figure 3.13: Comparison between σ2(top) and γpoly(bottom) of the deimal logarithm ofthe �tious diapynal di�usivity Df plotted on at onstant pressure 446 db
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Figure 3.14: Comparison between σ2(top) and γpoly(bottom) of the deimal logarithm ofthe �tious diapynal di�usivity Df plotted on at onstant pressure 2598 db
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Figure 3.15: Comparison between σ2(top) and γpoly(bottom) of the deimal logarithm ofthe �tious diapynal di�usivity Df plotted on at onstant pressure 3881 db
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An approximate neutral density variable for the world oeans3.3 Zipping issuesWe found that the zipping regions sometimes introdue signi�ant errors whih generate�titious diapynal di�usivity values greater than 10−5m2.s−1. It was notied that thisphenomenon ours prinipally in depth and redues the quality of the global polynomial
γGP . This setion o�ers an explanation for the origin of these errors and suggests apossible solution to orret it in order to obtain a more aurate γGP funtion. Due totime onstraints we did not have the possibilty to test these solutions, we o�er them forfuture investigations.3.3.1 Theoretial explanation of the introdution of a �titiousdi�usivity by the zippingIn order to explain the e�et that the zipping has on γGP , we an onsider that γGP isonly a ombination of a southern polynomial γpoly S and a northern polynomial γpoly N ,joined by a weighting funtion w:

γGP = wγpoly S + (1− w)γpoly N (3.1)and the partial derivative of γGP with respet to latitude λ an be written:
∂γGP

∂λ
= (γpoly S − γpoly N)

dw

dλ
(3.2)If γpoly S and γpoly N orretly desribe a neutral surfae, i.e. ∇nγ

poly S = 0 and ∇nγ
poly N =

0, then the gradient of γGP along a neutral surfae is:
∇nγ

GP = (γpoly S − γpoly N)
dw

dλ
∇nλ (3.3)Hene, if γpoly S and γpoly N orretly desribe a neutral surfae with di�erent values thevariation of γGP along a neutral surfae is non zero and depends on two parameters whihare the value of the o�set (γpoly S − γpoly N) and the derivative of the weighting funtion

dw
dλ
. Inversely, if γpoly S and γpoly N are equal to the same value but do not desrib thesame neutral surfae (Figure 3.16), whih an be interpreted as a di�erene in depth. Itindues a strong variation on the resulting surfae γGP whose the shape is similar to theweighting funtion. Therefore, on the zipping area the slope hanges suddenly and is nolonger parallel to the slope of the γi surfae whih is lose to being neutral.If this phenomenon happens prinipally at depth, it ould due to the fat that γi labelis not enough lose to being perfetly neutral in depth. It may also arise beause the dataat depth is ondensed to a very small range of salinities and temperatures ompared tothe data in shallow waters. Note that γi varies slowly with depth (i.e. ∂γi

∂p
is small) anda small error on �tting γi as 0.001m3.s−1 an result in a non-negligible error in depth of

50m.3.3.2 Suggestion of solutions to derease the zipping e�etTwo solutions an be onsidered in an attempt to redue the error introdued by thezipping. The �rst is to inrease the overlap of the regions and base the �t of at theGuillaume Sérazin TFE 2011 65
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γpoly N = cγpoly S = c

γi

Zipping region
Pressure offset

γGP

p

lattitude

Figure 3.16: This shema desribes the zipping between the northern polynomial γpoly Nand the southern polynomial γpoly S. The two neutral density funtions γpoly N and γpoly Shave the same γ value c and yet desribe two di�erent neutral surfaes (blak) whih areapproximations of the neutral surfae desribed by γi (blue). The existene of an o�setin pressure in the zipping region indue a sudden hange on the slope of the resultingsurfae γGP . The o�set times by the weighting funtion reates this loal shape on theglobal surfae γGP (red) making it less lose to being neutral.polynomials on bigger oean basins. This would inrease the amount of data at depthwhih would improve the auray of the �t in that region. It is possible that it ouldderease the o�set between the northern and the southern polynomials. Note that a �nerlimatology labelled with a new more aurate version of neutral density γi, should alsoredue the magnitude of the o�set. The seond method is to make the zipping regionslarger so that the derivative of the weighting funtions will be smoother. This last solutionwould introdue, into the �nal funtion, a stronger dependene in latitude whih is notdesirable.
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An approximate neutral density variable for the world oeans
ConlusionThe development of the neutral surfae theory allowed an aurate desription of surfaeswhere the strong exhanges our in the oean. It was shown that the non-linearitiesof the equation of state do not allow neutral heliity to be zero everywhere in the oeanand this ompliates the onstrution of neutral surfaes. The ill-de�ned nature of neutralsurfaes led to the development of Neutral Density in order to approximate these surfaes.Neutral Density γn or improved Neutral Density γi gives an aurate desription of neutralsurfaes. However, their omputation is time-onsuming beause they involve the use of aniterative proess, this makes them impratial for use in oean models. Models typiallyuse potential density referened to 2000 db, σ2 whih is fast to ompute but introduessigni�ant errors if it is assumed that they approximate neutral surfaes. Thus, oeanmodellers require a Neutral Density funtion that is both omputationally e�ient andaurate in order to desribe these surfaes.The global polynomial neutral density γGP was designed as a series of polynomials γpolyit was found that one is needed for eah oean basin to orretly desribe an approximateform of improved Neutral Density γi. The world oeans were divided into six oeanibasins in the following way, the Arti Oean, the North Atlanti Oean, the SouthAtlanti Oean, the North Pai� Oean, the North Indian Oean and the SouthernOean. Eah γpoly funtion was �tted on the WOCE limatology that had been labelledwith γi. Two methods were developed to extrapolate the data, inrease the validityrange of γpoly and provide workable funtions: (i) extension in a neutral way at onstantpressure and (ii) onstant potential density extension at onstant b based on the de�nitionof Neutral Density. The �rst proved to be extremely suessful in inreasing the validityrange of the funtion to high salinities and high temperatures. The seond was used onlyto extrapolate low salinities using a mean value of b in shallow waters, as the γi labelat depth did not aurately desribe neutral surfaes, it was not possible to employ thismethod in deep waters without propagating the errors ontained in the γi dataset. TheRMS and maximum errors, and the variation of the vertial gradient with depth wereused as an initial indiation of the quality �t. The omputation of the �titious diapynaldi�usivity and the onstrution of density surfaes were then used to qualify how γpolywas losed to being neutral. Eah of the γpoly funtions were ombined to form γGP withaid of sinusoidal weighting funtions. They were designed suh that they were equal tozero or one outside the zipping region and their derivative was equal to zero at the edges.Constrution of eah of the polynomials to ahieve the spei�ations of being neutraland having a wide validity range (i.e. 0 ≤ SP ≤ 40 & θfreezing ≤ θ ≤ 40) was di�ultto obtain with the urrent dataset. The WOCE limatology is based on very sparseobservational data along the Antarti oastline and in the Arti Oean, this did notprovide su�ient auray to obtain an aurate estimation of the speial distributionGuillaume Sérazin TFE 2011 67



An approximate neutral density variable for the world oeans
Df > 10−5m2.s−1 σ2 γpoly γiNorth Atlanti 8.5% 5% 1%South Atlanti 9.5% 4% 2%North Pai� 3% 1% 0.5%North Indian 8% 2% 1.5%Southern Oean 19.5% 14% 5.5%World oeans 12.2% 8.5% 3.5%MOM4 18.3% 10% -Table 3.1: Perentages of �titious diapynal di�usivity greater than 10−5m2.s−1 om-pared between σ2,γi, and γG.of salinity and temperature. This ombined with the fat that the γi tehnology is not�nalised resulted in us needing to form a ompromise when extending the validity rangeof the �t and staying lose to being neutral. However, it was shown that the polynomials

γpoly gave satisfatory results on eah oean basin. There was an redution of 30% inthe Southern Oean and at least 40% in the other oeani basins in terms of diapynaldi�usivity greater than 10−5m2.s−1 ompared to σ2. (Table ??). The polynomials �ts onthe basins of the North Atlanti and the Southern Oean were the most di�ult to make,they were also the regions where the maximum possible improvements an be made whenompared to σ2. In the zipping regions where the polynomials overlapped the amountof total amount of �titious diapynal di�usivity larger than 10−5m2.s−1 inreased. Thee�et of this was to redue the quality of γGP in terms of being neutral by being onlybetter than σ2 by 30%. This magnitude of the error is negletable in shallows waters butinreases with depth and has values larger than 10−5m2.s−1 in deep waters. It is possiblethat this error in the juntion of two neighbouring basins ould ome from the fat eahof the polynomials may have the same value of γpoly yet ould be desribing two slightlydi�erent neutral surfaes. Also, the quality of the dataset and the auray of the γi labelould be the ause of these errors.The results were enouraging and show that it was possible to ahieve an auratepolynomial approximation of Neutral Density that desribes neutral surfaes better than
σ2, even if the dataset and the neutral density label were not very aurate. Performedon a snapshot of the oean model MOM4, γGP gave an improvement of 45% omparedto σ2 and demonstrated its apability to replae σ2 in oean models. We believe that amore aurate γGP will be able to be produed when the isopynal atlas of Barker andMDougall, and the γi ode are �nalised. These produts are ruial for the onstrutionof a reliable γpoly in the Arti, Labrador Sea and the Weddell Sea. Another possibleappliation of γGP is that it ould be the method employed to label future Neutral Densitysoftware outputs.
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Appendix APolynomials γpoly on eah oean basinThis appendix publishes the oe�ients of the �rst version of the global polynomial ofneutral density γGP . The polynomials γpoly are de�ned on the North Atlanti, the SouthAtlanti, the North Pai�, the North Indian and the Southern Oean. The oe�ientsare given in term of polynomials funtion of Pratial Salinity and potential temperature
γ̂poly = P̂

(
ŜP , θ̂

) with the normalization:̂
SP =

SP

42

θ̂ =
θ

42◦C

(A.1)To obtain the orret value of γpoly the following operation is also needed
γpoly = γ̂poly ∗ 20 kg.m−3 − 20 kg.m−3 (A.2)The funtion γpoly is di�erent for the Southern Oean beause it inludes an additionalpressure term. Then, this funtion is written:

γ̂poly SO
(
ŜP , θ̂, p̂

)
= P̂

(
ŜP , θ̂

)
+ Q̂

(
ŜP , θ̂

)
.exp (−p̂) .th

(
θ̂ − θ̂0

τ̂ θ

) (A.3)with the properties:
p̂ =

p

700 db
θ̂0 = 0.0625

τ̂ θ = 0.0163

(A.4)These isopynals given by these polynomials are plotted on the salinity temperature dia-gram as well as the dataset of the basin whih was used to build the funtion. The salegoes from 0 to 46 in Pratial Salinity and from −5 to 40 in potential temperature. Thefreezing line is drawn in blue. The isopynals of sigma0 and sigma4 are also plotted forlow an high salinities respetively and gives a referene for the shape of the isopynalslose to being neutral in these areas of the salinity-diagram.
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Anapproximateneutraldensityvariablefortheworldoeans

North Atlanti polynomial oe�ients

P̂ 1 θ θ2 θ3 θ4 θ5 θ6

1 0.868250629754601 0.0324341891674178 1.72145961018658 -3.47469967954487 5.56029166412630 -3.84846537069737 -0.156149127884621
SP 4.40022403081395 -9.92256348514822 -12.9562244122766 10.1143932959310 -0.868664167905995 5.58313794099231
SP

2 -6.45929201288070 66.9856908160296 7.73752363817384 -26.0173602458275 -8.16468531808416
SP

3 -19.3531532033683 -125.546334295077 36.2272244269615 22.6867313196590

SP
4 66.0796772714637 70.6874394242861 -36.2275575056843

SP
5 -54.5838313094697 0.189417034623553

SP
6 10.8620520589394
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North Atlanti on salinity-temperature diagram
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Figure A.1: Hydrographi data used to build γpoly on the North Atlanti plotted on the SP − θ diagram, oloured by pressure. Isopynalsof γpoly are plotted from −2 kg.m−3 to 30 kg.m−3 (grey). Isopynals of σ0 are also plotted for low salinities (red dot) and σ4 for highsalinities (blue dot). The freezing line is drawn by the solid blue line at pressure p = 0 db.
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South Atlanti polynomial oe�ients

P̂ 1 θ θ2 θ3 θ4 θ5 θ6

1 0.970176813506429 0.270391840513646 -0.702511207122356 -0.342569734311159 -3.14312850717262 2.73778893334855 1.25587481738340
SP 0.755382324920216 -3.30869686476731 10.6725319826530 14.6648969886981 -12.1368518101468 -8.73093192235768
SP

2 10.0570534575124 -3.60728647124795 -61.0511562956348 5.18263256656924 28.7899447141466
SP

3 -29.0124086439839 61.1208402591733 74.4131690710915 -35.0297276945571

SP
4 22.1708651635369 -106.892619745231 -15.8597461367756

SP
5 13.0718524535924 51.7078062701412

SP
6 -15.8634717978759
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South Atlanti on salinity-temperature diagram
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Figure A.2: Hydrographi data used to build γpoly on the South Atlanti plotted on the SP − θ diagram, oloured by pressure. Isopynalsof γpoly are plotted from −2 kg.m−3 to 30 kg.m−3 (grey). Isopynals of σ0 are also plotted for low salinities (red dot) and σ4 for highsalinities (blue dot). The freezing line is drawn by the solid blue line at pressure p = 0 db.
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North Pai� polynomial oe�ients

P̂ 1 θ θ2 θ3 θ4 θ5 θ6

1 0.990419160678528 0.0545075600726227 0.673362062889351 -3.35534931941803 -1.19356232779481 3.51016478240624 0.0505878919989799
SP 1.10691302482411 -1.81027781763969 6.94431859780735 23.1248810527697 -16.0450914593959 -5.58077135773059
SP

2 5.48298954708578 -11.1211267642241 -63.9113580983532 -8.43447476300482 25.1352444814321
SP

3 -9.59966716439147 86.4094941684553 95.6825154064427 -21.9219942747555

SP
4 -15.7911318241728 -145.889251358860 -34.7983038993856

SP
5 48.3336456682489 72.6259160928028

SP
6 -28.5141488621899
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NorthPai�onsalinity-temperaturediagram
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Anapproximateneutraldensityvariablefortheworldoeans

North Indian polynomial oe�ients

P̂ 1 θ θ2 θ3 θ4 θ5 θ6

1 0.915127744449523 0.276709571734987 -1.29591003712053 3.75322031850245 -5.64931439477443 0.738499368804742 1.42081034484842
SP 2.52567287174508 -5.95006196623071 -0.628267986663373 14.5023693075710 4.04000477318118 -6.93690276392252
SP

2 -0.531583207697361 23.8940719644002 -39.2270069641610 -30.0525851211887 13.2992863063285
SP

3 -6.52652369460365 0.341647815015304 88.0985881844501 0.754772283610568

SP
4 1.92080379786486 -64.7046763005989 -43.1528176185231

SP
5 20.3803121236886 46.5646683140094

SP
6 -16.6137493655149
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North Indian on salinity-temperature diagram
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Figure A.4: Hydrographi data used to build γpoly on the North Indian plotted on the SP − θ diagram, oloured by pressure. Isopynalsof γpoly are plotted from −2 kg.m−3 to 30 kg.m−3 (grey). Isopynals of σ0 are also plotted for low salinities (red dot) and σ4 for highsalinities (blue dot). The freezing line is drawn by the solid blue line at pressure p = 0 db.
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Anapproximateneutraldensityvariablefortheworldoeans

Southern Oean polynomial oe�ients

P̂ 1 θ θ2 θ3 θ4 θ5 θ6

1 0.874520046342081 2.05462556912973 -9.03290825881587 21.4780019724540 -21.0132492641922 4.26251346968625 1.44257249650877
SP -1.64820627969497 -8.27848721520081 0.949958161544143 -11.7794732139941 31.2611766088444 -10.8585153444218
SP

2 28.0996269467290 34.8904015133508 -4.44794543753654 -32.9544488911897 1.95823443401631
SP

3 -91.0872821653811 -50.0511970208864 44.5061015983665 11.9380310360096

SP
4 133.921771803702 7.85544471116596 -27.7122792678779

SP
5 -85.1619212879463 13.4683704071999

SP
6 17.2136374200161

Q̂ 1 θ θ2 θ3 θ4

1 0.209190309846492 -3.06518655463115 39.0265896421229 -215.306225218700 20.1983279379898
SP -1.92636557096894 2.96183396117389 -53.6710556192301 264.211505260770
SP

2 9.06344944916046 3.87221350781949 3.68258441217306
SP

3 -15.3989635056620 -3.14460332260582
SP

4 8.31163564170743
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Southern Oean on salinity-temperature diagram
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Figure A.5: Hydrographi data used to build γpoly on the Southern Oean plotted on the SP −θ diagram, oloured by pressure. Isopynalsof γpoly are plotted from −2 kg.m−3 to 30 kg.m−3 at a referened pressure of 0 db(grey). Isopynals of σ0 are also plotted for low salinities(red dot) and σ4 for high salinities (blue dot). The freezing line is drawn by the solid blue line at pressure p = 0 db.
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Figure A.6: Hydrographi data used to build γpoly on the Southern Oean plotted on the SP −θ diagram, oloured by pressure. Isopynalsof γpoly are plotted from −2 kg.m−3 to 30 kg.m−3 at a referened pressure of 4000 db(grey). Isopynals of σ4 are also plotted for highsalinities (blue dot). The freezing line is drawn by the solid blue line at pressure p = 0 db.
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Appendix BList of symbols
Quantity Symbol Units CommentsAbsolute pressure P Pa When absolute pressure is used itshould always be in Pa, not in

M Pa nor in dbar.Sea pressure p dbar Equal to P −P0 and expressed in
dbar not Pa.Referene pressure pr dbar The value of the sea pressure pto whih potential temperature orpotential density are referened.One standard atmo-sphere P0 Pa exatly 101 325PaStandard Oean Refer-ene Salinity SSO g.kg−1 35.165 04 g.kg−1 orresponding tothe standard oean PratialSalinity of 35 g.kg−1Pratial Salinity SP 1 De�ned by the range 2 <=
SP <= 42 by PSS-78Referene Salinity SR g.kg−1 Referene Composition Salinity(or Referene Saliniy for short)is the Absolute Salinity of seawa-ter samples that have RefereneComposition. At SP = 35, SRis exatly 35.165 04 g.kg−1 whilein the range 2 <= SP <= 42,
SR =

35.16504 g.kg−1

35
SPAbsolute Salinity SA g.kg−1 SA = SR + δSAAbsolute SalinityAnomaly δSA g.kg−1 δSA = SA − SRIn situ temperature t ◦CAbsolute Temperature T K T = 273.15 + tPotential temperature θ ◦CConservative Tempera-ture Θ ◦C Θ is exatly potential enthalpy di-vided by c0pGuillaume Sérazin TFE 2011 83



An approximate neutral density variable for the world oeansA onstant 'spei�heat', for use with Con-servative Temperature c0p J.kg−1.K−1 c0p =
3991.86795711963 J.kg−1.K−1Spei� potential en-thalpy h0 J.kg−1 Spei� enthalpy referened tozero sea pressure.Thermal expansion oef-�ient with respet to po-tential temperature αθ K−1 −1

ρ

∂ρ

∂θ

∣∣∣∣
SP ,pSaline ontration oe�-ient at onstant poten-tial temperature βθ 1

1

ρ

∂ρ

∂θ

∣∣∣∣
θ,pIsentropi and isohalineompressibility κ dbar−1 1

ρ

∂ρ

∂p

∣∣∣∣
SP ,θBuoyany frequeny N s−1 N2 = −g

ρ

∂ρ

∂zNeutral heliity Hn m−1 Hn = βθT θ
b ∇p.∇SP ×∇θIn situ density ρ kg.m−3Density anomaly σ kg.m−3 ρ− 1000 kg.m−3Potential density ρθ kg.m−3 ρ (SP , θ [SP , t, p, pr] , p, pr) where

pr is a referened pressurePotential densityanomaly referenedto a sea pressure of
O dbar

σ0 kg.m−3 ρ (SP , θ [SP , t, p, 0 dbar] , p, 0 dbar)−
1000 kg.m−3Potential densityanomaly referenedto a sea pressure of

200Odbar

σ2 kg.m−3 ρ (SP , θ [SP , t, p, 0 dbar] , p, 2000 dbar)−
1000 kg.m−3Potential densityanomaly referenedto a sea pressure of

4000 dbar

σ4 kg.m−3 ρ (SP , θ [SP , t, p, 0 dbar] , p, 4000 dbar)−
1000 kg.m−3Neutral Density γn kg.m−3 A density variable whose isosur-faes are to be approximatelyneutral, i.e. αθ∇γnθ ≈ βθ∇γnSPImproved Neutral Den-sity γi kg.m−3 An improved version of γn whihis independent of a referene dataset.

γa γa kg.m−3 A γ-variable approximated with arational funtion.
γEW γEW kg.m−3 A γ-variable with a funtion �t-ted to the North Atlanti.
ω ω kg.m−3 Density surfaes whih are de-signed to be approximately neu-tral, i.e. αθ∇ωθ ≈ βθ∇ωSPGuillaume Sérazin TFE 2011 84



An approximate neutral density variable for the world oeansNeutral density polyno-mial on a oean basin γpoly kg.m−3 A γ-variable with a polynomial�tted on a partiular oean basinNeutral density GlobalPolynomial γGP kg.m−3 A γ-variable with polynomialswhih are the ombination of the
γpoly funtions.Gradient on a neutraltangent plane ∇nGradient on a ontinuous"density" surfae ∇aSlope error between aontinuous "density"surfae and the neutraltangent plane s 1 s = ∇nz−∇az

Density gradient errorbetween a ontinuous"density" surfae andthe neutral tangent plane ǫ m−1 ǫ =
N2

g
sEpineutral di�usivity K m2.s−1Dianeutral di�usivity D m2.s−1Fititious diapynal dif-fusivity Df m2.s−1 Df = Ks2Diapynal veloitythrough a neutral tan-gent plane e m.s−1Diapynal veloitythrough a ontinuous"density" surfae ea m.s−1Diapynal veloity due tothe spatial e�ets of neu-tral heliity ehel m.s−1
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